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Abstract: We analyze symmetries corresponding to separated topological sectors of 3d
N = 4 gauge theories with Higgs vacua, compactified on a circle. The symmetries are
encoded in Schwinger-Dyson identities satisfied by correlation functions of a certain gauge-
invariant operator, the “vortex character.” Such a character observable is realized as the
vortex partition function of the 3d gauge theory, in the presence of a 1/2-BPS Wilson
line defect. The character enjoys a double refinement, interpreted as a deformation of
the usual characters of finite-dimensional representations of quantum affine algebras. We
derive and interpret the Schwinger-Dyson identities for the 3d theory from various physical
perspectives: in the 3d gauge theory itself, in a 1d gauged quantum mechanics, in 2d q-Toda
theory, and in 6d little string theory. We establish the dictionary between all approaches.
Lastly, we comment on the transformation properties of the vortex character under the
action of three-dimensional Seiberg duality.
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1 Introduction
Since its inception, supersymmetry has been a formidable tool to understand the dynamics
of gauge theories in various dimensions. More recently, the success of localization methods
[1] has brought about a flourish of new results, often shedding light on hidden structures
and symmetries in the strongly coupled regime. Among those, novel symmetries of gauge
theories in four dimensions were uncovered by exhibiting non-perturbative Schwinger-Dyson
type equations satisfied by certain correlators of the quantum field theory [2, 3].
Concretely, a correlator is defined via a path integral in quantum field theory. Schwinger-
Dyson equations can be understood as constraints that must be satisfied by such a correlator.
This comes about from demanding that the path integral be invariant under an infinitesimal
shift of the contour (under the condition that the integral measure is left invariant by such
a shift). The particular question asked in [2] was to determine what type of constraints
must be satisfied by correlators in Yang-Mills theory, when a contour gets shifted from a
given topological sector to another distinct topological sector of the theory, related to the
former by a large gauge transformation. Recall that the connected components of the space
of gauge fields are labeled by an integer called the instanton charge: −1
8pi2
∫
TrF ∧ F , where
F is the field strength and the domain of integration is the spacetime. Then, the problem
can be recast in a simple way: what symmetries of the gauge theory are made manifest
when the instanton charge varies?
The question was answered in the context of supersymmetric N = 2 Yang-Mills,
on a regularized spacetime called the Ω-background [4–6] on C2. On this background,
the instanton number can be changed by adding and removing point-like instantons in a
controlled way, and the shift of contour in the definition of the path integral turns into the
discrete operation of adding and removing boxes in a Young tableau [7].
To mediate the change in instanton number of the theory, it is convenient to construct a
local 1/2-BPS codimension-4 “Y -operator,” as a function of an auxiliary complex parameter
M ∈ C. Then, Schwinger-Dyson equations are understood as regularity conditions for the
vev 〈Y (M)〉 in the parameter M . Put differently, the correlator typically has poles in the
fugacity M , but the Schwinger-Dyson equations tell us that there exists a precise sum of
Y -operator vevs which is pole-free in M , nicknamed the qq-character observable. Here,
each “q” stands for one of the two parameters of the Ω-background on C2, and the term
“character” is used because the observable is a (deformed) character of a finite dimensional
representation of a Yangian algebra.
The above construction can be generalized in many ways, for example by considering
additional defects in the background [8, 9], by studying different gauge groups [10, 11], or by
going away from four dimensions: the case of a five-dimensional gauge theory compactified
on a circle has been an particularly fruitful area of research [12–21], where the qq-character
observable arises not as an object defined in the representation theory of Yangians, but
instead in the representation theory of quantum affine algebras. Likewise, in the case of a
six-dimensional gauge theory compactified on a 2-torus [22, 23], the qq-character observable
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becomes an object in the representation theory of quantum elliptic algebras. Remarkably,
equivariant localization on the Ω-background can be performed to yield exact expressions
for the qq-character observables in all of the above cases.
Meanwhile, supersymmetric gauge theories in codimension-2 lower dimensions share
many common features with their higher-dimensional counterparts, but have not yet been
studied in any systematic way. Most notably, there exist once again distinct topological
sectors of the theory, this time labeled by an integer called the vortex charge: −12pi
∫
TrF ,
where F is the field strength and the integration is over the two real dimensions transverse
to the vortex. By the logic we reviewed above, one should then expect non-perturbative
Schwinger-Dyson equations to exist also in dimensions 2, 3 (compactified on a circle) and 4
(compactified on a 2-torus). This time around, invariance under a slight shift of contour in
the path integral should translate to a change in vortex number. To mediate such a shift, one
could hope to construct as before a 1/2-BPS Y -operator, this time around of codimension-2,
as a function of (at least) one auxiliary parameter M . Then, Schwinger-Dyson equations
would again be understood as regularity conditions that the vev 〈Y (M)〉 needs to satisfy in
the parameter M .
Indeed, the existence of such non-perturbative equations has been anticipated for
two-dimensional gauged linear sigma models with N = (4, 4) supersymmetry: to exhibit
the equations and their associated symmetries, a new vortex qq-character observable can be
defined [8, 18], with the same Yangian symmetry as its four-dimensional counterpart, but
involving different twists.
The aim of this paper is to give a first-principles construction of low-dimensional
non-perturbative Schwinger-Dyson equations, and interpret them from various physical
perspectives. We find it convenient to work in a K-theoretic framework, i.e. we study
three-dimensional N = 4 gauge theories G3d on the manifold C × S1. Results for two-
dimensional gauged linear sigma model with N = (4, 4) supersymmetry can be obtained by
reducing the 3d theory on the circle S1. The theories G3d we focus on will be of quiver-type,
labeled by an ADE Lie algebra, with unitary gauge groups and fundamental flavors. We
require the amount of flavors to be large enough in order for G3d to be Higgsable, and
introduce non-abelian versions of NielsenOlesen vortex solutions at the Higgs vacua. Our
investigations leads us to define of a vortex character observable with quantum affine
symmetry1.
1The literature regarding the representation theory of quantum affine algebras is rich. As a short guide,
there are two popular presentations of finite-dimensional representations, one due to Jimbo [24], and another
due to Drinfeld [25]. In our physical context, it is the latter presentation that is relevant; see also [26, 27].
Characters of finite-dimensional representations of quantum affine algebras, dubbed “q-characters,” were
first constructed by Frenkel and Reshetikhin in the 90’s [28]. They were later rediscovered in a physical
context when discussing the quantum geometry of 5d supersymmetric quiver gauge theories [29, 30]. A
deformed character depending on two parameters was introduced in [31–33] (for related work on t-analogues
of q-characters, see also [34]). This “qq-character” was again rediscovered in the study of 5d supersymmetric
gauge theories [2]. In this paper, we study how it furthermore arises in the study of 3d supersymmetric
quiver gauge theories.
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In this three-dimensional setting, the codimension-2 operator mediating the change
in vortex number is a 1/2-BPS Wilson loop wrapping the circle S1. Recall that a Wilson
loop is formulated as the trace of a holonomy matrix, where a quark is parallel transported
along the circle, and the trace is evaluated in some representation of the gauge group. We
are able to give four definitions of the vortex qq-character observable:
– The vortex character is the Witten index of a one-dimensional N = 2 gauged quantum
mechanics living on the vortices of G3d, interacting with the quark in the Wilson loop.
– The vortex character is the half-index of the 3d N = 4 gauge theory G3d in the
presence of a defect, the Wilson loop.
– The vortex character is a deformed Wq,t-algebra correlator on an infinite cylinder,
with stress tensor and higher spin current insertions, including a distinguished set of “fun-
damental” vertex operators.
– The vortex character is the partition function of the six-dimensional (2, 0) little string
theory compactified on the cylinder, in the presence of various codimension-4 defects. The
defects are all realized as D3 branes of type IIB wrapping 2-cycles of a resolved ADE
singularity.
We will analyze each perspective in detail, and prove that all four definitions are in fact
equivalent. Let us briefly comment on them. The most obvious perspective is perhaps the
one-dimensional one. There, we describe microscopically the gauged quantum mechanics on
the vortices in some Higgs vacuum of G3d. In three dimensions, both the vortices and the
quark of the Wilson loop are particles wrapping the circle S1. In particular, the magnatically
charged vortex will experience a Lorentz force in the presence of the electrically charged
quark, and the quantum mechanics captures the corresponding dynamics. We count vortices
in this background by computing the Witten index of the theory, with appropriate chemical
potentials turned on. We show that this index is a deformed character of a finite-dimensional
representation of a quantum affine algebra.
This Witten index can be reinterpreted directly from the perspective of G3d itself,
as a half-index, or holomorphic block [35], and where the Wilson loop is treated as a
codimension-2 line defect. In this picture, the half-index of the 3d theory is computed via
Coulomb branch localization, and the line defect is coupled to the bulk theory via gauging of
its flavor symmetries. We show that this coupled 3d/1d index is, up to overall normalization,
precisely the vortex qq-character constructed from the vortex quantum mechanics.
The 3d perspective is useful to make contact with certain vertex operator algebras
called W(g)-algebras. These are labeled by a simple Lie algebra g, which in this work will
be simply-laced, and the choice of a nilpotent orbit, which in this work will be the maximal
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one. They realize the symmetry of Toda theory, here defined on an infinite cylinder. The
particular case g = A1 is known as Liouville theory, which enjoys Virasoro symmetry. When
g 6= A1, the Virasoro stress tensor remains, but there are also higher spin currents. In the
90’s, Frenkel and Reshetikhin introduced a two-parameter deformation of the W-algebras,
denoted asWq,t(g) [33], and sometimes referred to as deformedW-algebras. Crucially, while
an ordinary W-algebra has conformal symmetry, its deformation does not: instead, it is
the symmetry of the so-called q-Toda theory on the cylinder. Correlators are defined in
the free field formalism, as integrals over the positions of some deformed screening currents
on the cylinder. We show that the vortex qq-character of G3d is such a correlator: the 3d
gauge content is realized as screening current insertions, the 3d flavor symmetry is realized
as fundamental vertex operator insertions, and the Wilson loop is realized as the insertion
of a generating current operator. This latter type of operator includes the deformed stress
tensor, but also “higher spin” currents of theWq,t(g) algebra; they are all constructed in free
field formalism as the commutant of the screening currents. There are rank(g) independent
generators constructed in this way, with spin s in the range 2 ≤ s ≤ rank(g) + 1. The vortex
Schwinger-Dyson equations of the gauge theory G3d are now interpreted as Ward identities
satisfied by the correlator in the Wq,t(g)-algebra.
Finally, the various operators appearing in theW(g)-algebra construction have a natural
interpretation in (2, 0) little string theory compactified on the cylinder: they are all D3
brane defects at points on this cylinder. Some D3 branes realize the screening charges,
other D3 branes realize the flavor vertex operators, and a last set of D3 branes realizes the
stress tensor and higher spin currents of the W-algebra.
In hindsight, some of the relations are not too surprising: for instance, given a three-
dimensional supersymmetric gauge theory defined on a S1-bundle over a 2-manifold, the
partition function (with adequate twists) is expected to contain information about the vortex
sector of the theory. This makes plausible the relation between the 3d half-index with line
defect and the Witten index of the vortex quantum mechanics. Furthermore, the relation
from gauge theory supersymmetric indices to W-algebra correlators is an illustration of the
so-called BPS/CFT correspondence [5, 36]. Lastly, it is known that the effective theory on
D3 branes in (2, 0) little string is precisely the 3d N = 4 theory under study [37]. The goal
of this paper is to make use of 1/2-BPS Wilson loops to flesh out these ideas in detail, and
exhibit new non-perturbative physics in the process.
As an application, we briefly analyze the action of 3d Seiberg duality on the vortex
qq-character observable. This duality relates different 3d gauge theories as defined in the
UV, but which flow to the same theory in the IR [38]. Here, we construct Seiberg-dual
characters directly from the vortex quantum mechanics, where the duality manifests itself
as a wall-crossing phenomenon in the Witten index [39]. This perspective gives us complete
control over the action of the duality in three dimensions.
The paper is organized as follows: in Section 2, we construct the vortex quantum
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mechanics of G3d in the presence of a Wilson loop, and show its Witten index is a vortex
character. We comment on how to interpret our result as a set of non-perturbative
Schwinger-Dyson identities. In section 3, we re-derive the vortex character directly from the
3d perspective, coupled to a loop defect. In Section 4, we make contact with Ward identities
in the deformed W(g)-algebra picture. In Section 5, we define the vortex character straight
from little string theory in the presence of codimension-4 D-brane defects. In section 6, we
discuss Seiberg duality and future directions. In section 7, we showcase in full detail all the
results of the paper for the case of 3d N = 4 SQCD.
2 Schwinger-Dyson Equations: the Vortex Quantum Mechanics Perspec-
tive
We start with a lightning review on three-dimensional gauge theories with 8 supercharges,
along with the various 1/2-BPS objects that enter our story.
2.1 3d N = 4 Gauge Theory, Vortices and Wilson Loops
We consider a 3d N = 4 quiver gauge theory G3d on the manifold C× S1(R̂), where the
quiver is labeled by a simply-laced Lie algebra g of rank n, of shape the Dynkin diagram of
An, Dn or En. The radius of the circle is denoted by R̂. For concreteness, the Lagrangian
gauge group is a product of n unitary groups,
G =
n∏
a=1
U(N (a)) . (2.1)
We introduce flavor symmetry through the gauge group
GF =
n∏
a=1
U(N
(a)
F ) , (2.2)
where the associated gauge fields of U(N
(a)
F ) are frozen. This produces N
(a)
F hypermultiplets
on node a, in the bifundamental representation (N (a), N
(a)
F ) of the group U(N
(a))×U(N (a)F ).
Finally, we have hypermultiplets in the bifundamental representation⊕b>a ∆ab (N (a), N (b))
of the group
∏
a,b U(N
(a))×U(N (b)), where ∆ab is the incidence matrix of g: ∆ab is equal to
1 if there is a link connecting nodes a and b in the Dynkin diagram of g, and is 0 otherwise.
Then, G3d contains a total of n− 1 such bifundamental hypermultiplets.
The a-th gauge group in the quiver contains an abelian factor U(1) ∈ U(N (a)), from
which one can define a conserved current j(a) = 12pi ∗TrF (a); the associated global symmetry
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makes up the so-called topological symmetry of G3d. Coupling this current to a U(1) factor
from the gauge group results in a Fayet-Iliopoulos (FI) term for the a-th node of the quiver.
The theory G3d has a moduli space of vacua with Coulomb and Higgs branches, and a
corresponding SU(2)C × SU(2)H R-symmetry, where each SU(2) acts on the two branches
separately. In particular, each of the n FI parameters is a triplet under SU(2)H ; we
decompose each such triplet into a real FI parameter and a complex one. Under the
R-symmetry, the 3d N = 4 Poincare´ supercharges transform in the representation (2,2).
They obey the anticommutator relation
{Qαa,a′ , Qβb,b′} = ab a′b′ (γµC)αβ Pµ , (2.3)
where we introduced SO(2, 1) γ-matrices, the charge conjugation matrix C, and the three-
momentum Pµ. The upper index α is a spinor index for SO(2, 1), while the lower indices
a, a′ are indices for SU(2)C and SU(2)H , respectively. Additionally, the above supercharges
obey a reality condition, which we omit writing explicitly here.
The aim of this work is to exhibit certain symmetries associated to finite energy
configurations of BPS vortices, which sit at Higgs vacua of G3d. Therefore, from now on, we
require that all theories under study possess a Higgs branch, and moreover that all vacua we
study be Higgs vacua. In other words, the flavor symmetry group GF should have a large
enough rank. The vortices then arise as semi-local non-abelian versions of Nielsen-Olson
solutions; they are codimension-2 particles, transverse to the C-line and wrapping S1(R̂).
Then we tune the moduli to sit at such a Higgs vacuum, and the gauge group G
breaks to its U(1) centers. We furthermore turn on the n real FI parameters. The complex
FI parameters are set to zero throughout this paper. The R-symmetry is broken to
SU(2)C × U(1)H , and 1/2-BPS vortices solutions appear in the moduli space. They can be
described as a one-dimensional N = 4 supersymmetric quantum mechanics2, preserving the
supercharges Q1a,1 and Q
2
b,2 of the 3d theory. Those four supercharges anticommute to the
generator of translations along the vortices, which we denote as H:
{Q1a,1, Q2b,2} = abH (2.4)
Independently of vortices, it is also possible to introduce 1/2-BPS Wilson lines for G3d.
Specifically, a Wilson line operator is labeled by a choice of path and a representation R of
the gauge group. In this work, we choose a loop wrapping the circle S1(R̂) and sitting at
the origin of C. The Wilson loop operator vev on node a reads:
〈W (a)R 〉 = TrR P exp
∮
dτ i
[
A(a)µ x˙
µ + Φ(a)
√
−x˙2
]
(2.5)
2Here, we mean by 1d N = 4 supersymmetry the reduction of 2d N = (2, 2) supersymmetry to one
dimension.
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The second term in the exponent is required by supersymmetry, and Φ(a) is the scalar
belonging in the 3d N = 2 a-th vector multiplet inside the N = 4 vector multiplet. This
operator clearly breaks the SU(2)C × SU(2)H R-symmetry to U(1)C × SU(2)H , since
SU(2)C used to act on the triplet of N = 4 vector multiplet scalars.
One way to realize such a supersymmetric Wilson loop operator is to couple the 3d
bulk to a one-dimensional N = 4 supersymmetric quantum mechanics3. The Wilson loop is
then the theory of a 1d N = 4 Fermi multiplet, meaning a complex chiral fermion. This
can be achieved in a supersymmetric way by gauging the flavor symmetry of the Fermi
multiplet, meaning we couple it to a 1d N = 4 vector multiplet embedded inside the 3d
N = 4 vector multiplet. Then, integrating out the 1d Fermi multiplet has the effect of
inserting the Wilson loop (2.5) in the path integral of the bulk theory G3d.
The 1d N = 4 theory on the Wilson loop preserves the supercharges Q11,a′ and Q22,b′ of
the 3d theory. Those four supercharges anticommute to the generator of translations along
the loop, which we denote as H:
{Q11,a′ , Q22,b′} = a′b′ H (2.6)
The supersymmetric vortices and Wilson loops we described above both preserve 4 super-
charges, but only Q11,1 and Q
2
2,2 are preserved at the same time. Therefore, in the presence
of a Wilson loop, the vortex quantum mechanics only has 1d N = 2 supersymmetry.
2.2 The Vortex Quantum Mechanics
Let us first consider G3d without any Wilson loop. In that case, the 1d N = 4 quantum
mechanics on its vortices is well-known [40–43]4. Just like the bulk theory, it is a g-type
quiver theory of rank n which we call T 1dpure, where the subscript “pure” emphasizes the
absence of defect Wilson loop for now. The Higgs branch of this quiver theory is the moduli
space of (k(1), k(2), . . . , k(n)) vortices of G3d, where k(a) is a positive integer denoting the
rank of the a-th gauge group in the quantum mechanics. Concretely, The gauge group of
T 1dpure is
Ĝ =
n∏
a=1
U(k(a)) . (2.7)
For a 3d gauge group U(N (a)) with field strength F (a), each 1d rank above is identified
as the nontrivial first Chern class k(a) = −12pi
∫
TrF (a), where the integral is taken over the
C-line transverse to the vortex.
3Here, we mean by 1d N = 4 supersymmetry the reduction of 2d N = (0, 4) supersymmetry to one
dimension. Note that this is different from the 1d N = 4 supersymmetry we described for the vortices,
which was a reduction of 2d N = (2, 2) supersymmetry.
4The description of the moduli space of vortices relies on a D-brane construction in the work [40].
However, some of the dynamical degrees of freedom considered there turn out to be non-normalizable zero
modes when performing a careful field-theoretic analysis [41–43]; as a result, the Ka¨hler potentials on the
vortex moduli space are in general different in the brane and field theory approaches, with agreement only
on certain BPS solutions [44, 45]. In our context, the index of the vortex quantum mechanics we compute is
insensitive to these discrepancies.
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There are chiral multiplets in the bifundamental representation ⊕b>a ∆ab (k(a), k(b))
and in the bifundamental representation ⊕b>a ∆ab (k(a), k(b)) of
∏
a,b
(
U(k(a))× U(k(b))),
where ∆ab is again denoting the incidence matrix of g: ∆ab is equal to 1 if there is a link
connecting nodes a and b in the Dynkin diagram of g, and is 0 otherwise.
Additionally, there is fundamental and antifundamental chiral matter which manifests
itself as additional “teeth” in the 1d quiver. The precise determination of such matter
requires specifying the gauge group G =
∏n
a=1 U(N
(a)) and flavor group GF =
∏n
a=1 U(N
(a)
F )
of the 3d bulk theory. We denote this flavor symmetry by ĜF . When the rank of GF is large
enough, fully Higgsing the 3d quiver theory is always possible, for any ADE Lie algebra. The
resulting 1d theory is then a generic handsaw quiver variety [46], with 1d chiral matter on all
n nodes. Namely, on the a-th node, there are P (a) chirals in the representation (k(a), P (a))
of U(k(a))×U(P (a)), and Q(a) chirals in the representation (k(a), Q(a)) of U(k(a))×U(Q(a)).
As we reviewed in the previous section, the R-symmetry group of T 1dpure is SU(2)C ×U(1)H ,
and the R-charge assignment of the various fields is constrained by the superpotential,
readable from the “closed loops” in the quiver diagram.
The 3d FI parameter ζ
(a)
3d of the gauge group U(N
(a)) sets the BPS tension of the vortex
on node a. It is related to the 1d gauge coupling ξ
(a)
1d of the gauge group U(k
(a)), according
to ξ
(a)
1d ∝ 1/(ζ(a)3d )2. Meanwhile, the 3d gauge coupling ξ(a)3d of the gauge group U(N (a)) is
related to the 1d FI parameter ζ
(a)
1d of the gauge group U(k
(a)), according to ζ
(a)
1d ∝ 1/(ξ(a)3d )2.
Figure 1: Example of the G3d theory Tρ[SU(N
(n+1))], and its vortex quantum mechanics
T 1dpure. Note we use a 3d N = 4 notation for the quiver on top, and a 1d N = 4 notation for
the quiver on the bottom.
Let us pause and look at an example, the g = An case, showcased in Figure 1.
– 9 –
The particular quiver theory G3d on top is sometimes called Tρ[SU(N
(n+1))], labeled
by a partition ρ = [N (1), N (2) − N (1), . . . , N (n+1) − N (n)] [47]. The n circles label the
gauge group G =
∏n
a=1 U(N
(a)), the box on the right labels a flavor symmetry group
GF = U(N
(n)
F ) ≡ U(N (n+1)). An arrow between two circles labels a N = 4 bifundamen-
tal hypermultiplet, while the arrow between the n-th circle and the box labels N (n+1)
hypermultiplets in the fundamental representation of U(N (n)). The corresponding 1d
N = 4 (k(1), k(2), . . . , k(n)) vortex world-line theory T 1dpure is shown on the bottom. The
circles label the gauge group G =
∏n
a=1 U(k
(a)), the looping arrows label adjoint chiral
multiplets, and the straight arrows label fundamental/antifundamental chiral multiplets,
which makes up the flavor symmetry ĜF =
∏n+1
a=1 U(N
(a) − N (a−1)). Specifically, in our
previous notation, the number of fundamental chirals at node a is P (a) = N (a) −N (a−1),
while the number of antifundamental chirals at node a is Q(a) = N (a+1) −N (a). There are
two types of cubic contributions to the superpotential: the first type of terms is due to the
bifundamental/adjoint chiral multiplets, while the second type is due to the bifundamen-
tal/fundamental/antifundamental chirals, meaning the flavor teeth. These superpotential
terms can simply be read off the various triplets of arrows making closed loops in the quiver
diagram. Mathematically, the theory T 1dpure in this example is known as a handsaw quiver,
isomorphic to a parabolic Laumon space. This is the moduli space of (based) quasi-maps
from P1 into the flag variety [46, 48, 49].
We now come to the new physics, and consider the vortex quantum when a 1/2-BPS
Wilson loop wraps S1(R̂) in G3d; we call the resulting theory T 1d. Introducing such a
Wilson loop for the 3d gauge group U(N (a)) (a ∈ {1, . . . , n}) can be done with the use
of a new (nondynamical) defect group U(L(a)) for a one-dimensional complex fermion
field χ(a) localized on the S1(R̂), transforming in the representation of (N (a), L(a)) of
U(N (a))× U(L(a)). We thereby refer to the defect group for the entire quiver as:
Ĝdefect =
n∏
a=1
U(L(a)) . (2.8)
The fermions make up the dimensional reduction of a 2d N = (0, 4) Fermi multiplet to 1d,
coupled to the 3d fields in the bulk as [50, 51]:
S3d/1d =
∫
dt χ
(a)
i,ρ
† (
δρσ(δij i ∂t +A
3d,(a)
t,ij + Φ
3d,(a)
ij )− δij A˜(a)t,ρσ
)
χ
(a)
j,σ . (2.9)
Above, A
3d,(a)
t and Φ
3d,(a) are the pullback of the 3d gauge field and the adjoint scalar of
the U(N (a))-vector multiplet, respectively. A˜
(a)
t is the background U(L
(a)) gauge field the
1d fermions couple to. i and j are indices for the fundamental representation of U(N (a)),
while ρ and σ are indices for the fundamental representation of U(L(a)). The variable t is
periodic, with period R̂/(2pi). In the rest of this paper, an important role will be played by
the eigenvalues {M (a)ρ } of the background gauge field A˜(a)t , which are (large) masses for the
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fermions and set the energy scale for their excitation.
One can integrate out the fermions exactly, in which case the path integral organizes
itself as a generating function of Wilson loops in the L(a)-fold tensor product of the
fundamental representation of SU(N (a)), with expansion parameters the (exponentiated)
defect fermions {M (a)ρ } [50]. For example, if the defect group is U(L(a)) = U(1), the path
integral is a series in the parameter exp(R̂M (a)) comprised of N (a) + 1 terms, where each
coefficient is a Wilson loop vev valued in one of fundamental representations of SU(N (a))
(including the trivial one).
An important point is that because we study G3d on its Higgs branch, the 3d theory is
massive, the gauge group G is broken and the Coulomb moduli are frozen to flavor masses.
It follows that the Wilson loop we consider technically becomes a collection of “flavor” loops
at that locus of the moduli space, determined from the Higgsing pattern. After turning on
the FI parameters, the Wilson loop fermions make up the degrees of freedom of 1d N = 2
Fermi multiplets.
What are the details of the quantum mechanics T 1d? First recall from the last section
that only two supercharges are preserved by the vortex quantum mechanics after adding
in the Wilson loop. In particular, the N = 4 multiplets that previously defined T 1dpure
are still present, but should now be understood as a collection of N = 2 vector, chiral,
and Fermi multiplets in T 1d. Moreover, the SU(2)C ⊂ SU(2)C × U(1)H part of the T 1dpure
R-symmetry is now broken to U(1)C . From the paragraph above, it is furthermore clear
that the Wilson loop contributes extra N = 2 Fermi multiplets, coupling the defect fermions
to the various flavors. The interactions are encoded in the superpotential, now written
in terms of holomorphic functions called E and J-terms for the Fermi multiplets, which
constrains the R-charge of the various fields.
More nontrivially, we claim there are additional multiplets present due to the coupling
of the Wilson loop to the vortex. These are N = (0, 4) twisted hypermultiplets and Fermi
multiplets in the bifundamental representation of U(k(a)) × U(L(a)); see Figure 2 for an
illustration in our previous Tρ[SU(N
(n+1))] example. Those multiplets decompose into
N = 2 chiral and Fermi multiplets in T 1d. Heuristically, the existence of these extra
multiplets can be justified as follows: note that on the manifold C×S1(R̂), the Wilson loop
is the world-line of an electrically charged quark, while the vortex is a magnetically charged
particle. Then, when a vortex moves in the presence of a quark, it experiences a Lorentz
force5, and correspondingly the Higgs branch of T 1d should be understood as describing a
generalized vortex moduli space. We leave the precise mathematical characterization of
this modified moduli space to future work6. The major takeaway is that it is not enough to
5An analogous Lorentz force was identified in a five-dimensional context, where the Wilson loop quark is
moving instead in a nontrivial instanton background [12].
6This program was recently carried out successfully in instanton physics in five dimensions [2, 10, 11, 13,
18, 21]: there, the problem of counting instantons in the presence of a Wilson loop is not solved by localizing
the loop on usual ADHM solutions [52], but by defining instead a more general “crossed instanton” moduli
space from the onset. The fact that a similar problem arises in our context is not too surprising, since
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simply localize the Wilson loop (2.5) at the solutions of usual BPS vortex equations in the
absence of the loop. This would just result in the Fermi multiplet contributions (2.9). Such
contributions should be understood as “classical,” or topologically trivial, in the sense that
they exist already at zero vortex charge k = 0, but they will undergo an infinite number of
corrections due to the other sectors k > 0. These corrections are represented by the double
green line in Figure 2, and they will be crucial in making the non-perturbative symmetries
of G3d manifest.
Figure 2: On the top, a Wilson loop defect is placed in the 3d theory Tρ[SU(N
(n+1))],
transforming in the L(2)-fold tensor product of the fundamental representation of SU(N (2)).
We denoted the loop by a green cross. On the bottom, the vortex quantum mechanics T 1d
is displayed. Black links and arrows denote 1d N = 4 multiplets obtained by reduction of
2d N = (2, 2) supersymmetry, as before. Meanwhile, The double green link labels both a 1d
N = 4 twisted hypermultiplet and Fermi multiplet, obtained by reduction of 2d N = (0, 4)
supersymmetry. The green dashed arrows represent 1d N = 2 Fermi multiplets, as reduced
from 2d N = (0, 2), which is the topologically trivial contribution of flavor Wilson loops.
Ultimately, all multiplets in the picture should be decomposed into appropriate 1d N = 2
vector, chiral and Fermi multiplets, as this is the supersymmetry of T 1d. We refrained from
doing so in the bottom quiver not to clutter the figure.
For now, we justify the existence of these extra multiplets inside T 1d a fortiori, by
showing that they correctly (and uniquely) account for the symmetries of G3d under a
shift of vortex number; in other words, they describe the physics of a non-perturbative
Schwinger-Dyson identity. We will give a direct proof of the existence of these multiplets in
section 5, where we analyze an underlying string picture. Having described the quantum
vortices are ultimately related to instantons on a codimension-2 locus.
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mechanics T 1d, we turn to the definition of its Witten index. As we will soon see, this index
has remarkable properties in our context.
2.3 The Index of the Quantum Mechanics
Recall that the gauge theory G3d is defined on C × S1(R̂). Let us denote by U(1)ω the
symmetry associated with rotating the C-line. Then, the global symmetry of the vortex
theory T 1d is (ĜF /U(1)
n)× Ĝdefect × U(1)C × U(1)H × U(1)ω, with ĜF the chiral matter
producing the teeth of the handsaw quiver, and all other groups as introduced previously.
The diagonal combination of U(1)H × U(1)ω commutes with the supersymmetry and acts
as a flavor symmetry; we call it U(1)1 , with generator J−. We further define r as the
generator of U(1)H , and J3 as the generator of U(1)C .
Then, the refined Witten index of the N = 2 gauged quantum mechanics T 1d has the
form [53–55]:
[χ]
(L(1),...,L(n))
1d = Tr
[
(−1)F e−R̂{Q,Q} eR̂ 2(2J3−r) e2R̂ 1J− (2.10)
×
n∏
a=1
eR̂ ζ
(a)
3d k
(a)
eR̂
∑
dm
(a)
d Π
(a)
d eR̂
∑
ρM
(a)
ρ Λ
(a)
ρ
]
.
This index has a path integral interpretation as a twisted partition function on S1(R̂). The
trace is over the Hilbert space of the theory, and the index counts states in Q-cohomology,
where we have redefined the supercharges as Q ≡ Q11,1 and Q ≡ Q22,2 in the notation of
section 2.1. F is the fermion number. {Π(a)i } and {Λ(a)ρ } are Cartan generators of the flavor
group ĜF and the Wilson line defect group Ĝdefect, respectively. We have also defined
conjugate variables for these generators: the fundamental/antifudamental chiral multiplet
masses {m(a)d }, and the Wilson loop fermion masses {M (a)ρ }. Furthermore, the integer
k(a) = −12pi
∫
TrF (a) is the topological U(1) charge for the a-th gauge group, conjugate to
the vortex counting fugacity ζ
(a)
3d , which as we reviewed is the 3d FI parameter
7. Finally,
we have introduced the variables 1 and 2, respectively conjugate to J− and 2J3 − r.
The fugacity eR̂ 1 is well-known in the context of the 3d gauge theory on C× S1(R̂),
where it is called the Ω-background [4–7]. We will analyze it in detail when discussing the
3d gauge theory perspective. In the rest of this paper, the following redefined fugacities
will come in handy:
+ ≡ 1 + 2
2
, − ≡ 1 − 2
2
. (2.11)
The index is the grand canonical ensemble of vortex BPS states. The natural grading
by the integers k(a) means that the index can be organized as a sum over vortex sectors
(k(1), k(2), . . . , k(n)).
7Recall that throughout our analysis, we set the complex FI parameter to zero. ζ
(a)
3d is the real FI
parameter, but because the 3d theory is compactified on S1(R̂), the parameter is in fact complexified by the
holonomy of the corresponding background gauge field around the circle.
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By standard arguments [56, 57], the Witten index does not depend on the circle scale
R̂. In particular, we can work in the limit R̂→ 0, where it reduces to Gaussian integrals
around saddle points. These saddle points are parameterized by φ(a) = R̂ ϕ
(a)
1d + i R̂ A
(a)
t,1d,
with A
(a)
t,1d the gauge field and ϕ
(a)
1d the scalar in the a-th vector multiplet of the quantum
mechanics. The (complexified) eigenvalues of φ(a) are denoted as φ
(a)
1 , . . . , φ
(a)
k(a)
. Performing
the Gaussian integrals over massive fluctuations, the index reduces to a zero mode integral
of various 1-loop determinants, which we write schematically as:
[χ]
(L(1),...,L(n))
1d =
∞∑
k(1),...,k(n)=0
n∏
a=1
eR̂ ζ
(a)
3d k
(a)
k(a)!
L(a)∏
ρ=1
Z
(a)
defect,∅ (2.12)
×
∮ [
dφ
(a)
I
2pii
]
Z(a)pure,vec · Z(a)pure,adj · Z(a)pure,teeth ·
n∏
b>a
Z
(a,b)
pure,bif · Z(a)defect,k ,
Z(a)pure,vec =
∏k(a)
I 6=J
I,J=1
sh
(
φ
(a)
I − φ(a)J
)
∏k(a)
I,J=1 sh
(
φ
(a)
I − φ(a)J + 2
)
Z
(a)
pure,adj =
k(a)∏
I,J=1
sh
(
φ
(a)
I − φ(a)J + 1 + 2
)
sh
(
φ
(a)
I − φ(a)J + 1
)
Z
(a)
pure,teeth =
k(a)∏
I=1
P (a)∏
i=1
sh
(
φ
(a)
I − µ(a)i + (1 − 2)/2 + 2
)
sh
(
φ
(a)
I − µ(a)i + (1 − 2)/2
) Q(a)∏
j=1
sh
(
−φ(a)I + µ˜(a)j + (1 + 2)/2 + 2
)
sh
(
−φ(a)I + µ˜(a)j + (1 + 2)/2
)
Z
(a,b)
pure,bif =
k(a)∏
I=1
k(b)∏
J=1
sh
(
φ
(b)
I − φ(a)J + 2
)
sh
(
φ
(b)
I − φ(a)J
) sh
(
−φ(b)I + φ(a)J − 1
)
sh
(
−φ(b)I + φ(a)J − 1 − 2
)
∆
ab
Z
(a)
defect,∅ =
∏
b
U(N(a))→∏b U(P (b))
P (b)∏
i=1
sh
(
µ
(b)
i −M (a)ρ + 2 −#(b)i (1 + 2)/2
)
Z
(a)
defect,k =
k(a)∏
I=1
sh
(
φ
(a)
I −M (a)ρ − (1 − 2)/2
)
sh
(
−φ(a)I +M (a)ρ − (1 − 2)/2
)
sh
(
φ
(a)
I −M (a)ρ − (1 + 2)/2
)
sh
(
−φ(a)I +M (a)ρ − (1 + 2)/2
) .
Some comments are in order:
We use the convenient notation sh(x) ≡ 2 sinh(R̂ x/2). Mk is the set of poles enclosed
by the contours, which we will characterize below. The prefactor
∏n
a=1 1/k
(a)! is the Weyl
group order of the 1d gauge group Ĝ =
∏n
a=1 U(k
(a)).
The factor Z
(a)
pure,vec({φ(a)I }, 2) is the contribution of the (reduction from 2d N = (2, 2)
to) 1d N = 4 vector multiplet on node a, decomposed into N = 2 Fermi and chiral
multiplets.
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The factor Z
(a)
pure,adj({φ(a)I }, 1, 2) is the contribution of the (reduction from 2dN = (2, 2)
to) 1d N = 4 adjoint chiral multiplet on node a, decomposed into N = 2 Fermi and chiral
multiplets.
The factor Z
(a)
pure,teeth({φ(a)I }, {µ(a)i }, {µ˜(a)i }, 1, 2) is the contribution of the (reduction
from 2d N = (2, 2) to) 1d N = 4 flavors on node a. Note that the numbers P (a) of
fundamental chirals (with corresponding masses {µ(a)i }) and Q(a) of antifundamental chirals
(with corresponding masses {µ˜(a)i }) are fully determined in terms of the ranks of the
3d gauge group G, the 3d flavor group GF , and the choice of the 3d vacuum
8. For
instance, consider the 3d theory Tρ[SU(N
(n+1))], where the fundamental matter ranks are
N
(a)
F = 0 for a = 1, . . . , n − 1, and N (n)F = N (n+1) on the last node, with corresponding
masses {m(n)d }d=1,...,N(n+1) . Then, in the quantum mechanics, P (a) = N (a) −N (a−1), while
Q(a) = N (a+1) −N (a), and the matter factor becomes:
Z
(a)
pure,teeth =
k(a)∏
I=1
N(a)∏
i=N(a−1)
sh
(
φ
(a)
I −m(n)i + − + 2
)
sh
(
φ
(a)
I −m(n)i + −
) N(a+1)∏
j=N(a)
sh
(
−φ(a)I +m(n)j + + + 2
)
sh
(
−φ(a)I +m(n)j + +
) .
(2.13)
In particular, the chiral multiplet masses {µ(a)i } and {µ˜(a)i } are now written exclusively in
terms of the N (n+1) 3d masses {m(n)i }, as they should. The generalization to Dn and En
algebras is straightforward, even though the Higgsing pattern is more intricate to write
down explicitly [58].
The factor Z
(a,b)
pure,bif ({φ(a)I }, {φ(b)I }, 1, 2) is the contribution of the (reduction from 2d
N = (2, 2) to) 1d N = 4 bifundamental matter between nodes a and b. It is only nontrivial
when the incidence matrix ∆ab is as well. Recall that the matrix ∆ab equals 1 if there is a
link connecting nodes a and b, and equals 0 otherwise.
The above factors account for all the multiplets present in the vortex quantum mechanics
T 1dpure of a 3d N = 4 gauge theory in the absence of a Wilson loop. Now, recall that the
loop is characterized by the defect group Ĝdefect =
∏n
a=1 U(L
(a)) for additional 1d fermions.
The superscript notation we use for the index, [χ]
(L(1),...,L(n))
1d , makes the dependence on this
defect group explicit. Those fermions are responsible for two universal contributions to the
index.
First, the factor Z
(a)
defect,∅({M (a)ρ }, {µ(a)i }, 1, 2) is the contributions of (the reduction
from 2d N = (0, 2) to) 1d N = 2 Fermi multiplets. We previously called this factor
“classical,” in the sense that it exists even in the zero-vortex sector. Hence, it sits outside of
the 1-loop determinant integrals and is denoted by the subscript ∅. The symbols #(b)i stand
for positive integers, which are uniquely fixed by R-symmetry once the 3d Higgs vacuum is
specified. As is the case for the factor Z
(a)
pure,teeth, each mass {µ(b)i } is equal to one of the 3d
8This is the data that determines the Higgsing of the 3d theory, which is to say the fundamental mass
each Coulomb modulus is frozen to. In our 1d notation, the masses and {µ(a)i } and {µ˜(a)i } should eventually
be expressed in terms of the 3d masses {m(a)d }.
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masses {m(b)d }, determined by the choice of the vacuum. The product is over all b such that
U(N (a))→∏b U(P (b)); this is to indicate the breaking of gauge Wilson loop to a product
of flavor Wilson loops on the Higgs branch.
Second, there is the interaction between the defect fermions and the vortices: we denote
it as the factor Z
(a)
defect,k({φ(a)I }, {M (a)ρ }, 1, 2), which is the contributions of (the reduction
from 2d N = (0, 4) to) 1d N = 4 twisted hypermultiplets and Fermi multiplets, decomposed
into N = 2 chiral and Fermi multiplets.
Because the theory is valued on a circle of radius R̂, it is useful in what follows to
introduce K-theoretic fugacities for each of the equivariant parameters:
q˜(a) ≡ eR̂ ζ(a)3d , (2.14)
q ≡ eR̂ 1 , t ≡ e−R̂ 2 , v ≡ eR̂ + =
√
q/t, u ≡ eR̂ − = √q t,
f
(a)
d ≡ e−R̂ µ
(a)
d , f˜
(a)
d ≡ e−R̂ µ˜
(a)
d , z(a)ρ = e
−R̂M(a)ρ .
Crucially, the Witten index also depends implicitly on additional continuous parameters
in a piecewise constant manner: the n FI parameters ζ
(a)
1d , which are themselves k
(a)-vectors,
one for each abelian factor in Ĝ. Indeed, when such a parameter changes sign and crosses
the value ζ
(a)
1d = 0, a non-compact Coulomb branch opens up, and some vacua may appear
or disappear, resulting in wall crossing and a jump in the index. This dependence on the
1d FI parameters is in one-to-one correspondence with the choice of the index integration
contours, which we now turn to.
We adopt the so-called Jeffrey-Kirwan (JK) residue prescription [59]. It was first
popularized in our context in a two-dimensional setup [60], and used in our quantum
mechanical context in [53–55]. Let us briefly review its main features. First note that each
Z(a)-factor in the integrand has the following general form:∏n1
i=1 sh(~ρi
~φi + . . .)∏n2
j=1 sh(~ρj
~φj + . . .)
, (2.15)
where ~ρ is a k-tuple vector, with k =
∑n
a=1 k
(a). The entries of ~ρ are all in the set {0,±1},
and n
(a)
1 and n
(a)
2 are positive integers specified by the details of the vortex quantum
mechanics. The dots “. . .” stand for a linear function of the spacetime fugacities 1, 2, as
well as all the other 1d flavor fugacities. Since sinh(0) = sinh(ipi) = 0, there can be many
poles in (2.15). We denote a pole locus as ~φ = ~φ∗.
Now, we assemble the n FI parameters ζ
(a)
1d into a vector ζ1d of size k =
∑n
a=1 k
(a).
As we pointed out, the Witten index depends on the choice of a chamber for ζ1d. Apart
from the FI parameter vector ζ1d, the JK prescription instructs us to define yet another
auxiliary k-vector η, though the index ultimately does not depend on η. We are a priori
free to work with any k-vector η we want to carry out the JK residue prescription, but
there exists a particularly convenient choice η = ζ1d. Indeed, on general grounds, the index
– 16 –
integral (2.12) has φ-poles at ±∞ with nonzero residues; one can show that the choice
η = ζ1d, meaning η generic but chosen in the same chamber as ζ1d, guarantees that the
contributions of φ-residues at ±∞ vanish. Unless specified otherwise, in this paper we
work in a chamber where all components of ζ1d are positive. We will work in different
chambers when discussing 3d Seiberg duality later on. Having defined η, we are to choose
k hyperplanes from the arguments of sinh functions in the denominator of (2.15). Those
hyperplanes will take the following form:
~ρj · ~φj + . . . = 0 , where j = 1, . . . , k. (2.16)
The contours of the index are then chosen to enclose poles which are solutions of this
linear system of equation, but only if the vector η also happens to lie in the cone spanned
by the vectors ~ρj . A practical way to test this condition is to construct a k × k matrix
Q = Qji = (ρj)i, where ~ρj = ((ρj)1, . . . , (ρj)k), and test if all the components of ηQ
−1 are
positive. We collect the poles ~φ∗ satisfying the condition in a set Mk.
Summing over all the poles in Mk, the Witten index takes the form
[χ]
(L(1),...,L(n))
1d =
∞∑
k(1),...,k(m)=0
n∏
a=1
(q˜(a))k
(a)
k(a)!
∑
~φ∗
JK-res~φ∗(Q∗, η)Z
(a)
integrand , (2.17)
where Z
(a)
integrand is the integrand of (2.12), and the JK-residue is defined as
JK-res~φ∗(Q∗, η)
dk~φ∏k
j=1(~ρj · ~φj)
=
 1|det(Q)| if η ∈ cone (Q)0 otherwise (2.18)
The condition η ∈ cone (Q) means that the vector η should lie in the cone spanned by the
rows of the matrix Q. It can happen that a solution of the system of equations (2.16) yields
additional zeroes in the denominator of (2.15). This typically results in degenerate poles,
which can be dealt with using a constructive definition of the JK residue and the so-called
flag method [60, 61]. This is an involved procedure to implement analytically, and we will
refrain from doing so in this paper, treating potential degenerate poles on a case-by-case
basis instead.
We now come to our main object of study, the derivation of non-perturbative Schwinger-
Dyson equations for the gauge theory G3d. As we now show, they arise as a regularity
condition of the quantum mechanics index [χ]
(L(1),...,L(n))
1d on the defect fermion masses
{M (a)ρ }.
2.4 The Index is a Vortex qq-character
We evaluate the index, using the JK residue prescription above to define the contours. As a
warmup, let us practice with the index of T 1dpure, which is the vortex quantum mechanics of
the “pure” 3d N = 4 theory, in the absence of Wilson loop defects. We call the corresponding
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index:
[χ]
(0,...,0)
1d =
∞∑
k(1),...,k(n)=0
n∏
a=1
(q˜(a))k
(a)
k(a)!
(2.19)
×
∮
Mpurek
[
dφ
(a)
I
2pii
]
Z(a)pure,vec · Z(a)pure,adj · Z(a)pure,teeth ·
n∏
b>a
Z
(a,b)
pure,bif .
Working in the ζ1d > 0 chamber, the poles that end up contributing to the T
1d
pure index
make up the set Mpurek . The elements of this set satisfy:
φ
(a)
I = φ
(a)
J − 1 , (2.20)
φ
(a)
I = φ
(a)
J − 2 , (2.21)
φ
(a)
I = µ
(a)
i − − , for some i ∈ {1, . . . , P (a)} , (2.22)
φ
(b)
J = φ
(a)
I , if there is a link between nodes a and b > a , (2.23)
φ
(b)
J = φ
(a)
I + 2+ , if there is a link between nodes a and b < a . (2.24)
The poles (2.20) arise from the N = 4 adjoint chiral factor,
Z
(a)
pure,adj =
k(a)∏
I,J=1
sh
(
φ
(a)
I − φ(a)J + 1 + 2
)
sh
(
φ
(a)
I − φ(a)J + 1
) . (2.25)
The poles (2.21) arise from the N = 4 vector multiplet,
Z(a)pure,vec =
∏k(a)
I 6=J
I,J=1
sh
(
φ
(a)
I − φ(a)J
)
∏k(a)
I,J=1 sh
(
φ
(a)
I − φ(a)J + 2
) . (2.26)
The poles (2.22) arise from the N = 4 flavor factor,
Z
(a)
pure,teeth =
k(a)∏
I=1
P (a)∏
i=1
sh
(
φ
(a)
I − µ(a)i + − + 2
)
sh
(
φ
(a)
I − µ(a)i + −
) Q(a)∏
j=1
sh
(
−φ(a)I + µ˜(a)j + + + 2
)
sh
(
−φ(a)I + µ˜(a)j + +
) . (2.27)
Specifically, the JK contours enclose poles coming from the fundamental chirals only (the
P (a)-product), and none of the antifundamental chirals. We wrote the poles in terms
of 1d flavor fugacities {µ(a)i } as a shorthand notation, which are really placeholders for
the rank(GF ) 3d fundamental masses {m(b)d }. The poles (2.23) and (2.24) are due to the
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bifundamental contributions,
Z
(a,b)
pure,bif =
k(a)∏
I=1
k(b)∏
J=1
sh
(
φ
(b)
I − φ(a)J + 2
)
sh
(
φ
(b)
I − φ(a)J
) sh
(
−φ(b)I + φ(a)J − 1
)
sh
(
−φ(b)I + φ(a)J − 1 − 2
)
∆
ab
. (2.28)
Two important remarks are in order. First, even though the contours enclose the JK-poles
(2.21), the resulting residues are always trivial, because the numerators in Z
(a)
pure,teeth create
a zero at this locus. Second, because of the bifundamental factor Z
(a,b)
pure,bif , some of the
enclosed poles are non-simple for generic rank k(a). However, a careful application of the
flag method to construct the JK-residue shows that the poles we enclose above make up an
exhaustive list; this was checked numerically in [39]. Putting it all together, and writing the
1d fundamental chiral masses {µ(a)i } in terms of the 3d masses {m(b)i }, the various poles
which end up contributing with nonzero residue are of the form
φ
(a)
I = m
(b)
i − − − (si − 1)1 + 2 #(ab)+ , with si ∈ {1, . . . , k(a)i }, i ∈ {1, . . . , N (a)}, ,
(2.29)
for some mass index b ∈ {1, . . . , n}, and where (k(a)1 , . . . , k(a)N(a)) is a partition of the vortex
charge k(a) into N (a) non-negative integers. The pair of integers (i, si) is assigned to one of
the integers I ∈ {1, . . . , k(a)} exactly once, and #(ab) is a non-negative integer equal to the
number of links between nodes a and b < a in the Dynkin diagram of g (and #(ab) = 0 if
b > a).
As an explicit example, consider the An theory G
3d = Tρ[SU(N
(n+1))] from figure 1.
Then, the poles with nonzero residue are all of the form
φ
(a)
I = m
(n)
i − − − (si − 1)1 , with si ∈ {1, . . . , k(a)i }, i ∈ {1, . . . , N (a)} . (2.30)
and (k
(a)
1 , . . . , k
(a)
N(a)
) is a partition of k(a) into N (a) non-negative integers, and the pair of
integers (i, si) is assigned to one of the integers I ∈ {1, . . . , k(a)} exactly once. Performing
the residue integral, one finds the following closed-form expression, which is well-known
[39]:
[χ]
(0,...,0)
1d =
∞∑
k(1),...,k(n)=0
n∏
a=1
(q˜(a))k
(a)
∑
∑
i k
(a)
i =k
(a)
k
(a)
i ≥0
N(a)∏
i,j=1
k
(a)
i −k(a)j∏
s=1
sh (mi −mj + 2 − (s− 1) 1)
sh (mi −mj − (s− 1) 1)

×
N(a+1)∏
i=1
N(a)∏
j=1
k
(a)
j −k(a+1)i∏
p=1
sh (mi −mj + 2 + p 1)
sh (mi −mj + p 1)
 .
(2.31)
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We now consider the vortex quantum mechanics of G3d in the presence of the Wilson
loop, that is to say the index of T 1d (2.12). For a given vortex number k =
∑n
a=1 k
(a), the
set of poles to be enclosed is denoted as Mk. This set contains the set Mpurek of poles
we just reviewed for the theory T 1dpure (the index in the absence of defect). There are also
additional poles depending on the fermion masses M
(a)
ρ , which belong in the setMk \Mpurek .
Specifically, the new poles are of the form:
φ
(a)
I = M
(a)
ρ + + , (2.32)
φ
(b)
J = φ
(a)
I , if there is a link between nodes a and b > a , (2.33)
φ
(b)
J = φ
(a)
I + 2+ , if there is a link between nodes a and b < a . (2.34)
The poles (2.32) arise because of the interactions between the vortices and the Wilson loop
fermions,
Z
(a)
defect,k =
k(a)∏
I=1
sh
(
φ
(a)
I −M (a)ρ − −
)
sh
(
−φ(a)I +M (a)ρ − −
)
sh
(
φ
(a)
I −M (a)ρ − +
)
sh
(
−φ(a)I +M (a)ρ − +
) . (2.35)
The remaining poles (2.33) and (2.34) are again due to the bifundamental contributions,
Z
(a,b)
pure,bif =
k(a)∏
I=1
k(b)∏
J=1
sh
(
φ
(b)
I − φ(a)J + 2
)
sh
(
φ
(b)
I − φ(a)J
) sh
(
−φ(b)I + φ(a)J − 1
)
sh
(
−φ(b)I + φ(a)J − 1 − 2
)
∆
ab
. (2.36)
For a given vortex number k, we now argue that the content of the set Mk \Mpurek makes
it possible to reinterpret the index as the character of a finite-dimensional representation of
a quantum affine algebra. In order to prove this, we define a new quantity, the vacuum
expectation value of a loop defect operator on node a, with corresponding fermion mass
z
(a)
ρ ≡ z:
〈[
Y
(a)
1d (z)
]±1〉 ≡ ∞∑
k(1),...,k(n)=0
n∏
b=1
(
q˜(b)
)k(b)
k(b)!
(2.37)
×
∮
Mpurek
[
dφ
(b)
I
2pii
]
Z(b)pure,vec · Z(b)pure,adj · Z(b)pure,teeth ·
n∏
c>b
Z
(b,c)
pure,bif ·
[
Z
(a)
defect,k(z)
]±1
.
Even though the defect factor Z
(a)
defect,k(z) is present inside the integrand, the contour
integral is defined to only enclose poles in the set Mpurek , the same poles as in the pure
index (2.19).
Remarkably, the index of T 1d can be written as a finite Laurent series in such Y -operator
vevs. In order to be as concise as possible, we find it convenient to normalize the index
by the classical Wilson loop contribution and the index of the vortex quantum mechanics
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T 1dpure, in the absence of Wilson loop:
[χ˜]
(L(1),...,L(n))
1d ({z(a)ρ }) ≡
[χ]
(L(1),...,L(n))
1d ({z(a)ρ })∏n
a=1
∏L(a)
ρ=1 Z
(a)
defect,∅(z
(a)
ρ ) · [χ](0,...,0)1d
(2.38)
As a function of the fermion masses {z(a)ρ }, our first main result is that the normalized
index can be written as:
[χ˜]
(L(1),...,L(n))
1d ({z(a)ρ }) =
1
[χ]
(0,...,0)
1d
∑
ω∈V (λ)
n∏
b=1
(
q˜(b)
)dωb
cdωb (q, t)
(
Q(b)dωb ({z
(a)
ρ })
) [
Y1d({z(a)ρ })
]
ω
.
(2.39)
We will prove this statement momentarily. For now, let us unpack the notation.
{z(a)ρ } denotes collectively the
∑n
a=1 L
(a) fermion masses z
(a)
ρ ≡ e−R̂M
(a)
ρ . The sum
runs over all the weights ω of the finite-dimensional irreducible representation V (λ) of
the quantum affine algebra Uq(ĝ), with highest weight λ =
∑n
a=1 L
(a) λa. Here, g is the
simply-laced Lie algebra denoting the 3d quiver gauge theory (as well as its vortex quantum
mechanics), and λa the a-th fundamental weight of g. The label d
ω
b is a positive integer
that is determined by solving
ω = λ−
n∑
b=1
dωb αb . (2.40)
Namely, a given weight ω is reached by lowering the highest weight λ a finite number of
times, using the positive simple roots {αb}b=1,...,n. This procedure is referred to as building
the weight ω out of sl2 strings. The equivariant parameter q˜
(b) is the 3d FI parameter for
the b-th gauge group.
The factors cdωb (q, t) are coefficients depending only on q and t.
The function Q(b)dωb ({z
(a)
ρ }) is the residue of Z(b)pure,teeth evaluated at the poles (2.32),
(2.33), and (2.34). The function is therefore made up of fundamental and antifundamental
chiral multiplet contributions, such as:
n∏
a=1
L(a)∏
ρ=1
P (b)∏
i=1
(
1− v#′(b)i f (b)i /z(a)ρ
)
(
1− v#′(b)i f (b)i /z(a)ρ
) Q(b)∏
j=1
(
1− t v#˜′
(b)
j f˜
(b)
j /z
(a)
ρ
)
(
1− v#˜′
(b)
j f˜
(b)
j /z
(a)
ρ
) (2.41)
As usual, P (b) stands for the number of fundamental chirals at node b, with masses {f (b)i },
while Q(b) stands for the number of antifundamental chirals at node b, with masses {f˜ (b)j }.
The symbols #′(a)i and #˜′
(a)
j stand for other non-negative integers, which are fixed by the
choice of the 3d Higgs vacuum.
Finally, the operator
[
Y1d({z(a)ρ })
]
ω
, for a given weight ω, is the expectation value of
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a rational function of Y -operators
〈∏
a
[
Y
(a)
1d
]±1〉
and derivatives thereof9, where each
operator
[
Y
(a)
1d
]±1
is a function of a fermion mass z
(a)
ρ . The arguments of each factor is
shifted by powers of q and t, determined uniquely from (2.40).
All in all, the index is a twisted10 character of a finite dimensional irreducible repre-
sentation V (λ) of Uq(ĝ), with highest weight λ =
∑n
a=1 L
(a) λa. Starting with the highest
weight λ, each term in the character can then be obtained by successive “vortex-Weyl”
reflections, which generalize the usual Weyl group action of the Lie algebra g. Because of
the dependence on the two fugacities q = eR̂1 and t = e−R̂2 , the vortex character is a
qq-character, in the denomination of [2].
Two remarks are in order. First, similar qq-characters have been constructed in the
related context of counting instantons in the presence of a 1/2-BPS Wilson loop on the
manifold C2 × S1(R̂). There, the functional form of the character, meaning its dependence
on the Y -operators
[
Y1d({z(a)ρ })
]
ω
and on the weights ω, is identical to what we found
here in the context of vortex counting. This is because the Y -operator dependence is
entirely fixed by the choice of the algebra g and the representation (L(1), . . . , L(n)) in which
the Wilson loop transforms. In particular, the functional form of the character does not
depend on whether we study instanton or vortex counting, nor does it depend on the
dimension of the manifold. Of course, there are still notable differences according to which
gauge theory setup we study: this is encoded in the expressions for the vevs 〈. . .〉, and
the functions Q(b)({z(a)ρ }) in (2.39). For instance, in the context of an instanton quantum
mechanics, these functions are contributions of N = 2 Fermi multiplets exclusively, while in
the vortex context, we found here that the functions are made of both N = 2 Fermi and
chiral multiplets.
Second, one can consider the limit where we shrink the circle size to zero. There are
a priori many ways to take this limit, so we should be specific: here, we require that all
flavor fugacities of the quantum mechanics remain fixed as we take R̂→ 0. In practice, all
the trigonometric functions present in the 1-loop determinants of the quantum mechanics
index will become rational functions of their arguments instead. The 3d gauge theory G3d
turns into a 2d N = (4, 4) gauged sigma model on C2, and the Wilson loop wrapping S1(R̂)
becomes a 1/2-BPS point defect at the origin. Correspondingly, the index we computed
becomes a vortex qq-character of the 2d theory, whose general form was first conjectured
9An example where such a derivative term can appear is the index of the D4 theory with a fundamental
Wilson loop insertion on node 2, [χg]
(0,1,0,0)
1d (z
(2)
1 ). The partition function organizes itself as a Laurent series
of 29 Y -operator terms, one of which involves derivatives of Y
(a)
1d -operators. Note that the second fundamental
representation of D4 is only 28-dimensional. However, finite dimensional irreducible representations of
quantum affine algebras are notoriously bigger than their non-affine counterpart. Indeed, the second
fundamental representation V (λ2) of Uq(D̂4) decomposes into irreducible representations of Uq(D4) as
V (λ2) = 28⊕ 1. Put differently, one necessarily has to add the trivial representation 1, an extra null weight,
to the 28 in order to obtain an irreducible representation of Uq(D̂4).
10The character is twisted because of the presence of the 3d FI parameters q˜(b) and the flavor matter
factors Q(b).
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in [8] (section 7). Our work in this section can be seen as a microscopic derivation of the
expression presented there.
It remains to prove that the index of T 1d is indeed equal to the character expression
(2.39). Since a fully explicit proof would require the knowledge of a specific Higgs vacuum
for the 3d theory, we find it more worthwhile to outline the universal features of the proof
here in the general case, and showcase it in detail later when discussing an example in
section 7. The proof consists of two parts. First, recall that the contours of the index enclose
the poles Mk, for a given vortex number k. In contrast, the contours of the Y -operator
(2.37) only enclose the polesMpurek of the index in the absence of Wilson loop. Because the
set Mk \Mpurek is non-empty for every k, it follows that the index has following expansion:
[χ]
(L(1),...,L(n))
1d ({z(a)ρ }) =
n∏
a=1
L(a)∏
ρ=1
Z
(a)
defect,∅(z
(a)
ρ )
〈
n∏
a=1
L(a)∏
ρ=1
Y
(a)
1d (z
(a)
ρ )
〉
+ . . . , (2.42)
where each term in the dots “...” stands for a residue of [χ]
(L(1),...,L(n))
1d at one of the poles
(2.32), (2.33), or (2.34), inMk \Mpurek . These extra poles making up the dotted terms need
to be included, as dictated by the JK-prescription, and our first observation is that there is
only a finite number of them. This last point is highly nontrivial, and is derived from the
explicit form of the integrand (2.39). As an example, suppose that there exists a pole of the
first kind (2.32), at the locus φ
(a)
I −M (a)ρ,∗ − + = 0, for some I ∈ {1, . . . , k(a)}. Then, there
exist no pole at the locus φ
(a)
J −M (a)ρ,∗ − + = 0 for any J 6= I. This is because there is a zero
at the locus φ
(a)
I − φ(a)J = 0, due to the numerator in Z(a)pure,vec. Similarly, the JK-residue
prescription predicts a pole at the locus φ
(a)
J − φ(a)I + 1 = 0, due to the denominator of
Z
(a)
pure,adj , and a pole at the locus φ
(a)
J − φ(a)I + 2 = 0, due to the denominator of Z(a)pure,vec.
However, there is a zero at both loci, due to the zeros at the numerators of Z
(a)
defect,k. All
in all, the locus (2.32) contributes a single new M
(a)
ρ,∗ -pole to the index. One can similarly
show that the only other M
(a)
ρ,∗ -poles are exclusively due to the loci (2.33), (2.34), and that
this list of poles is bounded above for all k. Namely, for all vortex number k, the size of the
set Mk \Mpurek is always smaller or equal to some fixed integer k′. By carrying out the
JK-residue procedure explicitly, we can determine k′ exactly: one finds that k′ + 1 is equal
to the dimension of the finite-dimensional irreducible representation of the quantum affine
algebra Uq(ĝ) with highest weight (L
(1), . . . , L(n)). From this perspective, the first term in
(2.42) before the dots is nothing but the highest weight of the representation. This ends
the first part of the proof.
It remains to show that each of the k′ terms in the dotted expansion (2.42) is precisely
of the form (2.39). This follows from a remarkable fact, which again can be proved by
direct computation: for a given vortex number k, each contour enclosing j′ of the k′ poles
in Mk \Mpurek can be traded for an integration contour which encloses k − j′ poles only,
where j′ = 1, . . . , k′. The price to pay for such a trade of contours is the introduction in
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the integrand of extra Y -operator insertions, along with the residue at the j′ poles of the
chiral matter factors Z
(a)
pure,teeth. Performing this change of contours for all k
′ dotted terms,
and normalizing by the classical Wilson loop contribution
∏n
a=1
∏L(a)
ρ=1 Z
(a)
defect,∅(z
(a)
ρ ), we
arrive at the advertised expression for the vortex qq-character.
Figure 3: The black crosses denote poles in the set Mpurek , from the pure index, while the
red dot denotes a pole in the set Mk \Mpurek . Such a pole is due to the factor Z(a)defect,k in
the integrand. On the left, we show a possible contour for the computation of the index at
k = 1. Note that by the JK prescription, we must in particular enclose the new pole in red.
Remarkably, it is equivalent to trade this contour for the one on the right, which now only
encloses the poles in the set Mpure1 , but with a modified integrand; in the latter contour,
the integrand will now contain insertions of additional Y -operators, with a vortex charge
shift of one unit to account for the missing pole.
We emphasize that at no point in the discussion did we need to know the content of
the set Mpurek , that is to say the poles of the quantum mechanics index in the absence of
Wilson loop. What is instead relevant here to derive the qq-character is the set of poles
Mk \Mpurek , due entirely to the insertion of the defect. We now explain why this vortex
character can be understood as a non-perturbative Schwinger-Dyson equation for the 3d
theory G3d.
2.5 Physics of the Schwinger-Dyson Equations
Let us focus on the case of a fundamental Wilson loop on the a-th node of G3d: L(a) = 1
for some a ∈ {1, . . . , n} and L(b) = 0 for b 6= a. Correspondingly, the defect group is
Ĝdefect = U(1) in that case, parameterized by the fermion mass z
(a)
1 ≡ z.
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The Y -operator we constructed mediates the change in vortex charge k of the theory
G3d. More precisely, the vev
〈
Y
(a)
1d (z)
〉
represents the insertion of a Wilson loop with
fermion mass z on node a, enabling vortex particles to appear and disappear out of the
bulk. This changes the topological sector of G3d, and the qq-character (2.39) encodes a
corresponding quantum affine symmetry of the theory. Put differently, the Schwinger-Dyson
equation for the Y -operator vev is the statement that even though
〈
Y
(a)
1d (z)
〉
is singular
in z, as is obvious from the explicit expression (2.37), a particular Laurent series of Y -
operator vevs, the qq-character, has regularity properties in z. The precise statement of the
Schwinger-Dyson equations is as follows:
[χ˜]
(0,...,0,1,0,...,0)
1d (z) is regular in z except for the poles of the function Q(b)dωb (z) in (2.39).
To prove this statement, one has to show that the residues at the various poles of the index
do not develop singularities in the variable z = e−M , other than at the denominators of
Q(b)dωb (z). A singularity in z will arise if two poles of the integrand pinch one of the contours.
It turns out that most potential singularities are canceled in a subtle manner by zeroes in the
integrand, resulting in an almost regular structure in z. Indeed, a finite set of z-singularities
is produced after integration, and makes up the various poles of the function Q(b)dωb (z).
For instance, let a ∈ {1, . . . , n} and I ∈ {1, . . . , k(a)}, and consider the following two
loci of poles in the integrand:
φ
(a)
I −M − + = 0 and φ(a)I − µ˜(a)j − + = 0 for some mass {µ˜(a)j } . (2.43)
The first pole locus is due to the denominator of Z
(a)
defect,k, while the second pole locus
is due to the denominator of Z
(a)
pure,teeth, the antifundamental chiral matter contribution.
By the JK-residue prescription, the first locus is inside the integration contour, as we
saw in (2.32). Furthermore, the JK-residue instructs us to only enclose the {µ(a)j }-poles
coming from fundamental chiral multiplets (2.22), and none of the {µ˜(a)j }-poles coming from
antifundamental chiral multiplets. It follows that the second locus is outside the integration
contour. Then, the poles can freely coalesce and pinch the contour, resulting in the singular
locus:
M = µ˜
(a)
j . (2.44)
This singularity manifests itself as a simple pole in the function Q(b)dωb (z).
Given a generic theory, providing the comprehensive list z-singularities in the index is
a tedious exercise, though it presents no technical difficulties; one simply proceeds as above,
analyzing the various sets of poles which can potentially pinch the contours. We will carry
out this procedure in detail when presenting an example in section 7.
As a last remark, note that this discussion straightforwardly generalizes to a Wilson
loop in an arbitrary irreducible representation of the 3d gauge group G. In that case, the
Schwinger-Dyson equations are still regularity conditions on the associated qq-character,
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but involving correlation functions of a higher number of Y -operators. Typically, the index
[χ˜]
(L(1),...,L(n))
1d ({z(a)ρ })will develop even more singularities in the defect fermion masses {z(a)ρ }.
We now give an alternate derivation of the non-perturbative Schwinger-Dyson equations
obeyed by 3d N = 4 gauge theories, directly from three dimensions and without resorting
to its vortex quantum mechanics.
3 Schwinger-Dyson Equations: the Three-Dimensional Perspective
Consider a 3d supersymmetric gauge theory on a 3-manifold. There is by now overwhelming
evidence that the partition function on such a space, with adequate twists, contains
information about the vortex sector of the theory [35, 62–72]11. For instance, in the case
where the 3-manifold is a C-bundle over S1, and the theory is the N = 4 quiver G3d we
previously considered, the vortex part of the 3d partition function is precisely the index of
the quantum mechanics T 1dpure from last section [39].
In the spirit of the above body of works, in this section we propose a half-index for G3d
on C× S1(R̂) in the presence of a 1/2-BPS Wilson loop wrapping S1(R̂), and derive the
vortex qq-character from it. The definition of the index is quite nontrivial in the 3d picture,
but we will argue that it is sensible since it correctly reproduces the results we derived in
the vortex quantum mechanics picture for T 1d.
3.1 A Half-Index Presentation
Let us first review how to define a half-index for G3d on C×S1(R̂) in the absence of Wilson
loop. This index is also referred to as a holomorphic block [35]12. We first consider the
3-manifold in the Ω-background, to regularize the non-compactness of C; namely, if we let
z be a complex coordinate on the complex line, we can view the 3-manifold as a C-bundle
over S1(R̂), where as we go around the circle, we make the identification
z ∼ z eR̂ 1 , 1 ∈ R . (3.1)
11Similar results exist for 2d gauge theories on 2-manifolds, see for instance [73, 74]
12Formally, a holomorphic block is defined in the IR of the 3d N = 4 theory: on the manifold C× S1(R̂),
one has to specify boundary conditions at infinity on C by choosing an IR vacuum. Alternatively, one can
consider a “half-index” on D × S1(R̂), where D is a finite disk, with boundary conditions defined in the UV
on the edge of the disk. The boundary conditions will flow to some boundary condition in the IR which
may or may not agree with the one defined in the holomorphic block formalism. It would be important to
explore these subtleties in our context.
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From now on, we denote the C-line in this background as Cq, with q = eR̂ 1 . Then, the
partition function of G3d is defined via the following half-index:
[χ˜]
(0,...,0)
3d = Tr
(−1)F e−R̂{Q,Q} qS1−SR t−S2+SR n∏
a=1
(q˜(a))k
(a)
N
(a)
F∏
d=1
(x
(a)
d )
Π
(a)
d
 . (3.2)
The trace is taken over the Hilbert space of states on Cq. The index counts states in
Q-cohomology, where Q = Q11,1 and Q = Q
2
2,2 were defined in section 2.1. F is the fermion
number. S1 is a rotation generator for Cq, while S2 is a R-symmetry generator; indeed,
S2 generates a U(1)C symmetry which is a subgroup of the SU(2)C R-symmetry acting
on the vector multiplet scalars. Meanwhile, SH generates a U(1)H symmetry which is a
subgroup of the SU(2)H R-symmetry acting on the hypermultiplet scalars. {Π(a)d } are
Cartan generators for the flavor group GF , with conjugate fundamental masses {m(a)d }. The
integer k(a) = −12pi
∫
TrF (a) is the topological U(1) charge for the a-th gauge group, and the
conjugate fugacity q˜(a) is the real FI parameter on node a, complexified by the holonomy of
the corresponding background gauge field around S1(R̂). The field configurations which
preserve the supersymmetries of the index are solutions to the vortex equations on C; the
integers k(a) then provide a natural grading on the moduli space of vortices.
So far we have not talked about the gauge symmetry group G =
∏n
a=1 U(N
(a)). We
start by treating it as a global symmetry, which we make abelian by breaking it to its
maximal torus. The associated equivariant parameters are denoted collectively as “y”. We
then gauge the symmetry by projecting to G-invariant states, which amounts to integrating
over those parameters. Namely,
∮
dHaary =
∮ n∏
a=1
N(a)∏
i=1
dy
(a)
i
y
(a)
i
. (3.3)
Above, the contour is chosen to project to states neutral under the G-symmetry. Because
the parameters {y(a)i } parameterize part of the Coulomb branch of G3d, this presentation
of the index is referred to as Coulomb branch localization:
[χ˜]
(0,...,0)
3d =
∮
Mbulk
dy
[
I3dbulk(y)
]
. (3.4)
The choice of contoursMbulk determines a vacuum for G3d. In this three-dimensional setup,
the contours are once again fixed by the JK-residue prescription, where we choose to work
with the auxiliary vector η = (1, . . . , 1), as we did before. The integrand I3dbulk(y) stands for
the contribution of all the various multiplets to the index. These can be read off directly
from the 3d N = 4 quiver description of the theory. This bulk contribution has the form
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[35, 75]:
I3dbulk(y) =
n∏
a=1
N(a)∏
i=1
y
(a)
i
(
ζ
(a)
3d −1
)
I(a)vec(y) ·
∏
b>a
I
(a,b)
bif (y) · I(a)flavor(y, {x(a)d }) . (3.5)
The factor
n∏
a=1
N(a)∏
i=1
y
(a)
i
(
ζ
(a)
3d
)
(3.6)
is the contribution of the 3d FI parameters.
The factor
I(a)vec(y) =
∏
1≤i 6=j≤N(a)
(
y
(a)
i /y
(a)
j ; q
)
∞(
t y
(a)
i /y
(a)
j ; q
)
∞
∏
1≤i<j≤N(a)
Θ
(
t y
(a)
i /y
(a)
j ; q
)
Θ
(
y
(a)
i /y
(a)
j ; q
) (3.7)
stands for the contribution of a N = 4 vector multiplet for the gauge group U(N (a)). Above,
we use the following definitions of the q-Pochhammer symbol,
(x ; q)∞ ≡
∞∏
l=0
(
1− ql x
)
, (3.8)
and of the theta function,
Θ (x ; q) ≡ (x ; q)∞ (q/x ; q)∞ . (3.9)
In particular, decomposing the N = 4 vector multiplet as a N = 2 vector multiplet and
N = 2 adjoint chiral multiplet, the numerator factor
(
y
(a)
i /y
(a)
j ; q
)
∞
is the contribution of
the W-bosons in the N = 2 vector multiplet, while the denominator factor
(
t y
(a)
i /y
(a)
j ; q
)
∞
is the contribution of the N = 2 adjoint chiral multiplet13.
The factor
I
(a,b)
bif (y) =
∏
1≤i≤D(a)
∏
1≤j≤D(b)
[
(t v y
(a)
i /y
(b)
j ; q)∞
(v y
(a)
i /y
(b)
j ; q)∞
]∆ab
(3.10)
is the contribution of N = 4 bifundamental hypermultiplets. We use the same notations as
13The ratio of theta functions has a natural interpretation when the manifold is thought of as D × S1(R̂),
with D the disk. The boundary of that manifold is S1 × S1 = T 2, and one needs to specify the 2d theory on
this torus T 2. In principle, any choice of 2d N = (0, 2) boundary conditions will do, as long as the theory is
anomaly-free. In our context, one should specify the 3d chiral multiplet boundary conditions, which are
either Dirichlet or Neumann. The gauge fields have Neumann boundary conditions, and the appearance of
theta functions in the 3d vector multiplet is understood as the contribution of the 2d elliptic genus on the
boundary torus. For details, see [71, 76, 77], and the related discussion in [75].
– 28 –
introduced previously: ∆ab is the incidence matrix of the Lie algebra g, and v =
√
q/t.
The factor
I
(a)
flavor(y, {x(a)d }) =
N
(a)
F∏
d=1
N(a)∏
i=1
(
t v x
(a)
d /y
(a)
i ; q
)
∞(
v x
(a)
d /y
(a)
i ; q
)
∞
(3.11)
stands for the contribution of N = 4 hypermultiplets in the fundamental representation of
the a-th gauge group. The N = 4 supersymmetry fixes the R-charge assignments of the
various fugacities in the arguments of the q-Pochhammer symbols. In particular, note the
presence of a cubic superpotential term due to the bifundamental/adjoint chiral multiplets
in the N = 2 language.
Let us briefly discuss the contours: there are three distinct sets of poles in the setMbulk,
following the JK-residue prescription: the first is due to the denominators
(
v x
(a)
d /y
(a)
i ; q
)
∞
from the fundamental matter contribution (3.11), resulting in:
y
(a)
i = v x
(a)
d q
s , s = 0, 1, 2, . . . , d ∈ {1, . . . , N (a)F } . (3.12)
Second, there are the denominators
[
(v y
(a)
i /y
(b)
j ; q)∞
]∆ab
from the bifundamentals (3.10),
resulting in:
y
(b)
i = v y
(a)
j q
s , s = 0, 1, 2, . . . , if there is a link between nodes a and b > a . (3.13)
Third, there are the denominators
(
t y
(a)
i /y
(a)
j ; q
)
∞
from the vector multiplets (3.7). How-
ever, such t-dependent poles turn out to have vanishing residue, as can be easily checked14.
The above pole structure makes explicit the grading over the vortex charge, so we naturally
denote the set of poles as Mbulkk , summed over all k =
∑n
a=1 k
(a).
We now want to introduce a 1/2-BPS Wilson loop wrapping S1(R̂), which is a
codimension-2 defect from the point of view of G3d. As we reviewed, the fact that this is
possible in the first place is because such a loop preserves the supersymmetries Q and Q. We
couple the one-dimensional N = 4 theory on the loop to the bulk three-dimensional theory
by considering the flavor symmetries of the 1d theory and gauging them with 3d N = 4
vector multiplets. From the point of view of the index, this translates into gauging the
1d masses, turning them into the scalars of the corresponding 3d N = 4 vector multiplets.
When the vector multiplet is dynamical, the scalar becomes an eigenvalue y to be integrated
over, while in the case of a background vector multiplet, the scalar becomes a mass from
the 3d point of view. To achieve this, we start by defining a defect Y -operator vacuum
14The fact that poles of the third kind give a vanishing residue is characteristic of indices for 3d theories with
N = 4 supersymmetry. In particular, our argument does not apply to 3d theories with less supersymmetry.
A similar phenomenon was noted in the 1d vortex quantum mechanics index.
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expectation value, written as an integral over the Coulomb moduli of the 3d theory:〈[
Y˜
(a)
3d (z)
]±1〉 ≡ ∮
Mbulk
dy
[
I3dbulk(y) ·
[
Y˜
(a)
defect(y, z)
]±1]
. (3.14)
For now, let us simply state that the integrand factor is defined as
Y˜
(a)
defect(y, z) =
N(a)∏
i=1
1− t y(a)i /z
1− y(a)i /z
. (3.15)
There is another piece of the defect Y -operator which is not integrated over, as it couples
the loop to the flavor symmetry of G3d; this contribution has the generic form
Y˜
(a)
flavor({x(b)d }, z) =
n∏
b=1
N
(b)
F∏
d=1
1− v#(ab)+1 x(b)d /z
1− t v#(ab)+1 x(b)d /z
, (3.16)
where #(ab) is a non-negative integer equal to the number of links between nodes a and b in
the Dynkin diagram of g.
Note that the contour definition for the above Y -operator vev (3.14) is the same as
the contour definition for the 3d index (3.4) in the absence of defect. In particular, the
contours are defined not to enclose the potential z-poles from the factor
∏n
a=1 Y˜
(a)
defect.
Then, we define the (normalized) half-index of G3d in the presence of a Wilson loop, or
3d/1d index for short, as the expansion:
[χ˜]
(L(1),...,L(n))
3d ({z(a)ρ }) =
1
[χ]
(0,...,0)
3d
∑
ω∈V (λ)
n∏
b=1
(
q˜(b)
)dωb
cdωb (q, t)
(
Q˜(b)dωb ({z
(a)
ρ })
) [
Y˜3d({z(a)ρ })
]
ω
.
(3.17)
In the above, the factor
[
Y˜3d({z(a)ρ })
]
ω
is defined as the vev of a rational function of
the Y -operators
〈∏
a
[
Y
(a)
3d
]±1〉
(3.14), and possible derivatives thereof. All the other
functions and notations appearing above are the same as were introduced in section 2.415.
This implies that the index is once again a twisted qq-character of a finite dimensional
irreducible representation V (λ) of the quantum affine algebra Uq(ĝ), with highest weight
λ =
∑m
a=1 L
(a) λa.
The above definition of the 3d/1d half-index seems ad-hoc from the three-dimensional
15There is one subtle difference: in the quantum mechanics T 1d, the function Q(b)dω
b
(z
(a)
ρ ) was the residue
of Z
(b)
pure,teeth at the various poles of Mk \Mpurek . In the 3d setup used here, we have defined a function
Q˜(b)dω
b
(z
(a)
ρ ), which is still written as contributions of 1d N = 4 chirals, but not quite the same expressions as
in the quantum mechanics. Giving exact formulas would require specifying the theory G3d, see section 7 for
a detailed example.
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perspective, but we will see later that it is in fact very natural in the light of the BPS/CFT
correspondence. We end this section by exhibiting the relation between the 3d/1d index
(3.17) and the Witten index (2.39) of the 1d quantum mechanics: up to normalization, they
turn out to be one and the same!
3.2 Relation between the 3d and 1d Expressions for the qq-character
As we reviewed, the choice of contour for the 3d half-index fixes a vacuum for G3d. Let
T 1dpure be the vortex quantum mechanics defined on that vacuum, and let T
1d be the vortex
quantum mechanics in the presence of a Wilson loop. We now prove that the index of
T 1d is, up to a constant factor, the 3d/1d half-index introduced above. The proof rests on
establishing a relation between the Wilson loop Y -operator vev
〈
Y˜
(a)
3d (z)
〉
and its quantum
mechanical counterpart
〈
Y
(a)
1d (z)
〉
. First recall that in defining the 1d Y -operator vev (2.37),
one sums over the poles (2.29) in the set Mpurek for each vortex charge k =
∑n
a=1 k
(a),
φ
(a)
I = µ
(b)
i − − − (si − 1)1 + 2 #(ab)+ , with si ∈ {1, . . . , k(a)i }, i ∈ {1, . . . , N (a)} ,
(3.18)
for some mass index b ∈ {1, . . . , n}. Recall that in the notation above, (k(a)1 , . . . , k(a)N(a))
is a partition of the vortex charge k(a) into N (a) non-negative integers, and #(ab) is a
non-negative integer equal to the number of links between nodes a and b in the Dynkin
diagram of g. We write the collection of all such φ-loci as ~φ∗. After performing the residue
sum, the Y -operator vev can be schematically written as:
〈
Y
(a)
1d (M)
〉
=
∞∑
k=0
∑
{~φ∗}∈Mpurek
Z1dpure(
~φ∗) · Z(a)defect,k(~φ∗,M) , (3.19)
where we collected all the contributions independent of the defect inside a factor Z1dpure,
while the remaining factor is due to the interaction (2.35) between the loop and the vortices,
rewritten here for convenience:
Z
(a)
defect,k(φ
(a)
I ,M) =
k(a)∏
I=1
sh
(
φ
(a)
I −M (a)ρ − −
)
sh
(
−φ(a)I +M (a)ρ − −
)
sh
(
φ
(a)
I −M (a)ρ − +
)
sh
(
−φ(a)I +M (a)ρ − +
) . (3.20)
Meanwhile, in the three-dimensional setup, we sum over the poles {~y∗} ∈ Mbulk, and the
Y -operator vev (3.14) becomes:
〈
Y˜
(a)
3d (z)
〉
≡ Y˜ (a)flavor({x(b)d }, z)
∞∑
k=0
∑
{~y∗}∈Mbulkk
I3dbulk(~y∗) · Y˜ (a)defect(~y∗, z) . (3.21)
It is well known that in the absence of loop defect, the 3d index
∑∞
k=0
∑
{~y∗}∈Mbulkk I
3d
bulk(~y∗) =
[χ˜]
(0,...,0)
3d is in fact equal to the quantum mechanical index
∑∞
k=0
∑
{~φ∗}∈Mpurek Z
1d
pure(
~φ∗) =
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[χ˜]
(0,...,0)
1d , up to overall normalization. We refer the reader to the references [30, 35, 39, 75] for
details. Because the contents of the setsMbulkk andMpurek are in one-to-one correspondence
for all k, this implies in particular that the summands I3dbulk(~y∗) and Z
1d
pure(
~φ∗) are the same,
up to normalization.
We therefore need to simply investigate the remaining factor Z
(a)
defect,k(
~φ∗,M) in (3.19).
We switch to K-theoretic variables z = e−M , f (a)i = e
−µ(a)i , and let
y
(a)
i,∗ = f
(b)
i q
k
(a)
i +1 v−2#
(ab)
, i ∈ {1, . . . , N (a)} , b ∈ {1, . . . , n} . (3.22)
We further renormalize the masses to make contact with their 3d definitions:
f
(b)
i ≡ v3#
(ab)+1 x
(b)
i . (3.23)
After a finite number of telescopic cancellations, the 1d Y -operator at the locus (3.18)
becomes:
Z
(a)
defect,k(y
(a)
i,∗ , z) =
N(a)∏
i=1
1− t y(a)i,∗ /z
1− y(a)i,∗ /z
·
N(a)∏
i=1
1− v#(ab)+1 x(b)i /z
1− t v#(ab)+1 x(b)i /z
. (3.24)
We recognize the first product as the 3d/1d contribution
Y˜
(a)
defect(~y∗, z) =
N(a)∏
i=1
1− t y(a)i,∗ /z
1− y(a)i,∗ /z
. (3.25)
Meanwhile, the latter product is part of the 3d/1d contribution
Y˜
(a)
flavor({x(b)d }, z) =
N(a)∏
i=1
1− v#(ab)+1 x(b)i /z
1− t v#(ab)+1 x(b)i /z
· c(a)3d/1d({x
(b)
d }, z) , (3.26)
where the leftover factor have been collected in the expression c3d/1d({x(b)d }, z); this factor
can be determined exactly by simply comparing the above result to the contribution (3.16), if
one wishes. Putting it all together, we have shown that the Y -operator vevs are proportional
to each other: 〈
Y˜
(a)
3d (z)
〉
= c
(a)
3d/1d({x
(b)
d }, z)
〈
Y
(a)
1d (z)
〉
(3.27)
Now, the 3d/1d half-index is a Laurent series in Y -operator vevs, with the same functional
form and number of terms as the index of T 1d. This does not yet guarantee the indices are
the same, since c
(a)
3d/1d appears as a relative factor between the various terms of the character.
Remarkably, one can show after computing each term in the character that they all share
the same proportionality factor c
(a)
3d/1d, so it can be factored out entirely. Considering a
general Wilson loop in the (L(1), . . . , L(n)) representation of G, the normalized indices of
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G3d and its quantum mechanics T 1d therefore satisfy:
[χ˜]
(L(1),...,L(n))
3d ({z(a)ρ }) = c3d/1d · [χ˜](L
(1),...,L(n))
1d ({z(a)ρ }) . (3.28)
The proportionality constant c3d/1d is simply:
c3d/1d =
n∏
a=1
L(a)∏
ρ=1
c
(a)
3d/1d({x
(b)
d }, z(a)ρ ) . (3.29)
4 Schwinger-Dyson Equations: the Wq,t(g)-Algebra Perspective
The BPS/CFT correspondence predicts that Schwinger-Dyson equations for the gauge
theory G3d should have a counterpart as a set of Ward identities for a conformal field theory,
or a deformation thereof, on a Riemann surface. In this paper, we show that the vortex
qq-character is a certain (chiral) correlator a deformed W(g)-algebra on the cylinder.
4.1 The Deformed Wq,t(g)-Algebra
Let g be a simply-laced Lie algebra. In the work [33], a deformation of W(g)-algebras was
proposed, in free field formalism, based on a certain canonical deformation of the screening
currents; this is the symmetry algebra of the so-called g-type q-Toda theory on a cylinder.
See also [31] for the special case g = A1, and [32, 78] for the case g = An. The starting
point is to define a (q, t)-deformed Cartan matrix16:
Cab(q, t) =
(
q t−1 + q t
)
δab − [∆ab]q . (4.1)
Let us explain the notation: a number in square brackets is called a quantum number,
defined as
[n]q =
qn − q−n
q − q−1 , (4.2)
and the incidence matrix is ∆ab = 2 δab − Cab. Later, we will also need the inverse of the
Cartan matrix:
M(q, t) = C(q, t)−1 . (4.3)
16In what follows, we follow the conventions of [33]. Other definitions of the deformed Cartan matrix are
possible, by introducing explicit “bifundamental masses” in the off-diagonal entries [14].
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On then constructs a deformed Heisenberg algebra, generated by n positive simple roots,
satisfying:
[αa[k], αb[m]] =
1
k
(q
k
2 − q− k2 )(t k2 − t− k2 )Cab(q
k
2 , t
k
2 )δk,−m . (4.4)
In the above, it is understood that the zero-th generator commutes with all others:
[αa[k], αb[0]] = 0, for k an arbitrary integer. The Fock space representation of this al-
gebra is given by acting on the vacuum state |ψ〉:
αa[0]|ψ〉 = 〈ψ, αa〉|ψ〉
αa[k]|ψ〉 = 0 , for k > 0 . (4.5)
Then, we define deformed screening operators as17.
S(a)(y) = y−αa[0] : exp
∑
k 6=0
αa[k]
q
k
2 − q− k2
yk
 : . (4.6)
Note all operators in this section are written up to a center of mass zero mode, whose effect
is simply to shift the momentum of the vacuum. Up to redefinition of the vacuum |ψ〉, we
safely ignore such factors.
The Wq,t(g)-algebra is defined as the associative algebra whose generators are Fourier
modes of the operators commuting with the screening charges,
Q(a) =
∫
dy S(a)(y) . (4.7)
We denote the generating currents as W (s)(z), labeled by their “spin” s. We therefore
have18:
[W (s)(z), Q(a)] = 0 , for all a = 1, . . . , n, and s = 2, . . . , n+ 1 . (4.8)
In this way, one finds that every generating current can be written as a Laurent polynomial
in certain vertex operators, which we call Y-operators for reasons that will soon be clear:
Y(a)(z) = eλa[0] : exp
−∑
k 6=0
wa[k] t
−k/2 zk
 : . (4.9)
17The screening operators we write down are called “magnetic” in [33], and are defined with respect to
the parameter q. Another set of “electric” screening and vertex operators can be constructed using the
parameter t instead, but these will not enter our discussion. From the point of view of the 3d gauge theory,
this amounts to having G3d defined on the manifold Ct × S1(R̂) instead of the manifold Cq × S1(R̂). We
made the choice of working on the latter manifold in this paper, hence why we only make use of magnetic
screenings here.
18Note that the generating currents must also commute with the set of electric screening charges we
mentioned in the previous footnote.
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Degenerate vertex operators are constructed out of n fundamental weight generators,
[αa[k], wb[m]] =
1
k
(q
k
2 − q− k2 )(t k2 − t− k2 ) δab δk,−m . (4.10)
These are dual to the operators αa[k]. Put differently,
αa[k] =
n∑
b=1
Cab(q
k
2 , t
k
2 )wb[k] . (4.11)
For completeness, we also write the commutator of two coweight generators,
[wa[k], wb[m]] =
1
k
(q
k
2 − q− k2 )(t k2 − t− k2 )Mab(q
k
2 , t
k
2 ) δk,−m . (4.12)
Among the vertex operators of the theory, a distinguished class which will enter our story
is the set of so-called fundamental vertex operators [33]:
V (a)(x) = xwa[0] : exp
−∑
k 6=0
wa[k]
q
k
2 − q− k2
xk
 : . (4.13)
Before we proceed, let us briefly comment on an important limit: if we rescale q =
exp(R̂1), t = exp(−R̂2) and take R̂ → 0, the deformed Wq,t(g)-algebra becomes the
standard W(g)-algebra19, which is the symmetry algebra of g-type Toda conformal field
theory20; for an extensive review, see [86]. In particular, if we set b ≡ −2/1, the central
charge of the theory is c = m+ 12 〈Q,Q〉, where Q = ρ (b+ 1/b) is the background charge,
ρ the Weyl vector of g, and the bracket is the Cartan-Killing form. For the Heisenberg
algebra (4.4) to keep making sense, the root (and weight) generators should also be rescaled
by R̂ and 1 in this limit. The deformed screenings currents (4.6) become
S(a)(y) = : e〈αa,ϕ(y)〉/b : , (4.14)
with αa the a-th simple root of g, and ϕ a n-dimensional boson. The deformed fundamental
vertex operators (4.13) become vertex operators of unit momentum,
V (a)(x) = : e〈wa,ϕ(x)〉/b : , (4.15)
with wa the a-th fundamental weight of g. Furthermore, in the limit R̂→ 0, the deformed
generators W (s)(z) become the stress tensor and higher spin currents of the W(g)-algebra.
The special case g = A1 is called the Liouville CFT, and W(A1) is more commonly called
19Note this is not the limit which produces 2d vortex characters in gauged sigma models by circle reduction
of the 3d gauge theory on the circle. See the work [79] for that limit instead.
20We presented Wq,t(g)-algebras in the free field formalism since it is the only known way to deform
W(g)-algebras. This is sometimes called the Coulomb gas formalism, or the Dotsenko-Fateev formalism [80].
For a modern treatment of the topic, we refer the reader to [81–85].
– 35 –
the Virasoro algebra, generated by the spin 2 stress energy tensor W (2)(z). When g is
a higher rank algebra, the stress tensor W (2)(z) is still present, but there are also more
currents W (s)(z) of higher spin s > 2.
As a concrete example, consider the deformed stress tensor of Wq,t(A1). It is a Laurent
polynomial in the Y operators (4.9):
W (2)(z) = Y(z) + [Y(v−2z)]−1 . (4.16)
This can be checked explicitly by computing the commutator [W (s)(z), Q(a)], and finding
out that it indeed vanishes. In the limit q = exp(R1), t = exp(−R2), and the further
rescaling of the Heisenberg algebra generators, one finds
W (2)(z) −→ −1
2
: (∂zφ(z))
2 : +Q : ∂2zφ(z) : . (4.17)
The reader will recognize the Liouville stress energy tensor of the W(A1)-algebra.
4.2 The Vortex qq-character is a Deformed Wq,t(g)-Algebra Correlator
We are interested in evaluating the following correlator:
〈
ψ′
∣∣∣∣∣∣∣
n∏
a=1
N
(a)
f∏
d=1
V (a)(x
(a)
d ) (Q
(a))N
(a)
n+1∏
s=2
L(s−1)∏
ρ=1
W (s)(z(s−1)ρ )
∣∣∣∣∣∣∣ψ
〉
. (4.18)
In what follows, we use the shorthand notation 〈. . .〉 for a vacuum expectation value. The
incoming and outgoing states are written as |ψ〉 and |ψ′〉 respectively, instead of the trivial
vacuum |0〉. Because the theory is defined in the free-field formalism, the above correlator
can be evaluated using straightforward Wick contractions, as an integral over the positions
y of the N (a) screening currents. Namely, after taking into account the normal ordering of
the various operators, the correlator (4.18) becomes the integral∫
dHaary IToda(y) , (4.19)
where the Haar measure is given by
dHaary =
n∏
a=1
N(a)∏
i=1
dy
(a)
i
y
(a)
i
. (4.20)
The integrand IToda(y) is made up of various factors. First, we have
n∏
a=1
N(a)∏
i=1
(
y
(a)
i
)〈ψ,αa〉
, (4.21)
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where 〈ψ, αa〉 is the eigenvalue of the state |ψ〉, as we have defined it previously (4.5). In
3d gauge theory language, this is nothing but the F.I. term (3.6) contribution to the index
[χ˜g]3d.
There are also various two-point functions: for a given a ∈ {1, . . . , n}, we find by direct
computation:
∏
1≤i<j≤N(a)
〈
S(a)(y
(a)
i )S
(a)(y
(a)
j )
〉
=
∏
1≤i 6=j≤N(a)
(
y
(a)
i /y
(a)
j ; q
)
∞(
t y
(a)
i /y
(a)
j ; q
)
∞
∏
1≤i<j≤N(a)
Θ
(
t y
(a)
j /y
(a)
i ; q
)
Θ
(
y
(a)
j /y
(a)
i ; q
) .
(4.22)
We recognize the vector multiplet contribution (3.7) to the index [χ˜g]3d.
For a and b two distinct nodes in the Dynkin diagram of g, we compute:
∏
1≤i≤N(a)
∏
1≤j≤N(b)
〈
S(a)(y
(a)
i ) S
(b)(y
(b)
j )
〉
=
∏
1≤i≤N(a)
∏
1≤j≤N(b)
[
(t v y
(a)
i /y
(b)
j ; q)∞
(v y
(a)
i /y
(b)
j ; q)∞
]∆ab
.
(4.23)
We recognize the bifundamental contribution (3.10) to the index [χ˜g]3d.
The two-point of a fundamental vertex operator with a screening current equals:
N(a)∏
i=1
〈
V (a)(x
(a)
d ) S
(b)(y
(b)
i )
〉
=
N(a)∏
i=1

(
t v x
(a)
d /y
(b)
i ; q
)
∞(
v x
(a)
d /y
(b)
i ; q
)
∞
δ
ab
. (4.24)
We recognize the flavor contributions (3.11) to the index [χ˜g]3d.
We come to the two-point function of a screening current with a Y-operator, which
evaluates to:
N(b)∏
i=1
〈
S(b)(y
(b)
i )Y(a)(z)
〉
=
N(b)∏
i=1
[
1− t y(b)i /z
1− y(b)i /z
]δab
. (4.25)
We recognize part of the Wilson loop contribution (3.15) to the index [χ˜]3d. Note the zero
mode of the Y-operator (4.9) acts nontrivially on the vacuum |ψ〉. As a result, the two-point
of a screening with a Y-operator generates a relative shift of one unit of 3d FI parameter
between the various terms of the generating current W (s)(z).
The last missing ingredient is the two-point of a fundamental vertex operator with a
Y-operator, which at first sight takes a far less elegant form:
〈
V (b)(x
(b)
d ) Y(a)(z)
〉
= exp
∑
k>0
Mba(q
k
2 , t
k
2 )
tk − 1
k
(
x
(a)
d
z
)k . (4.26)
Recall Mba is the inverse of the deformed Cartan matrix. Fortunately, this two-point can
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be rewritten as:
〈
V (b)(x
(b)
d ) Y(a)(z)
〉
= B(x
(b)
d , z)
1− v#(ab)+1 x(b)d /z
1− t v#(ab)+1 x(b)d /z
. (4.27)
where #(ab) is a non-negative integer equal to the number of links between nodes a and
b in the Dynkin diagram of g, and B(x
(b)
d , z) is defined by the above two equations: it is
literally the exponential in (4.26) divided by the ratio on the right-hand side of (4.27).
It may seem like we have not gained much by trading the exponential (4.26) for a
new seemingly artifical prefactor B(x
(b)
d , z), but this is not so for two reasons: first, the
flavor part of the defect Y -operator contribution (3.16) in the 3d/1d half-index now appears
explicitly. Second, a remarkable factorization comes into play when we consider not just the
Y-operator inside the correlator, but the full generating current W (s)(z), which is a Laurent
polynomial in such Y-operators. Namely, each term in this polynomial is of the form (4.27),
with the same prefactor B(x
(b)
d , z) for each term. This implies that the prefactor B(x
(b)
d , z)
can be factorized out of the correlator integral altogether. Note that a related factorization
had also been noticed in the gauge theory picture, see the discussion under (3.27).
To fully specify the correlator integral, we also need to make a choice of contour.
Here, the contours are simply chosen to be the ones we used in defining the 3d half-index,
enclosing the poles in Mbulk. In particular, the contours will avoid all poles depending on
the generating current fugacity z.
For a general correlator, we can now claim:〈
ψ′
∣∣∣∣∏na=1∏N(a)fd=1 V (a)(x(a)d ) (Q(a))N(a) ∏n+1s=2 ∏L(s−1)ρ=1 W (s)(z(s−1)ρ )∣∣∣∣ψ〉〈
ψ′
∣∣∣∣∏na=1∏N(a)fd=1 V (a)(x(a)d ) (Q(a))N(a)∣∣∣∣ψ〉
= B
(
{x(b)d }, {z(s−1)ρ }
)
[χ˜]
(L(1),...,L(n))
3d ({z(s−1)ρ }) ,
(4.28)
where the overall prefactor is
B
(
{x(b)d }, {z(s−1)ρ }
)
=
n+1∏
s=2
L(s−1)∏
ρ=1
n∏
b=1
N
(b)
f∏
d=1
B
(
x
(b)
d , z
(s−1)
ρ
)
. (4.29)
Naturally, B({xd}, {z(s)ρ }) stands outside the correlator integrals, since it does not depend
on the y-integration variables.
In the end, we find that the 3d/1d index of the gauge theory G3d with Wilson loop
is a deformed Wq,t(g)-algebra correlator, up to the constant B({xd}, {z(s)ρ }). Recall that
this prefactor contains an exponential; we mention in passing that this “phase” has a
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natural interpretation when g = An, in the general framework of Ding-Iohara-Miki (DIM)
algebras [87, 88]; for a detailed study, see [16]. Roughly speaking, in the DIM formalism, a
vertex operator V(a)(x(a)d ) is built using intertwiners, as the product of a V
(a)(x
(a)
d ) vertex
operator from theWq,t(An)-algebra, and another vertex operator coming from an additional
Heisenberg algebra. This extra Heisenberg algebra comes with its own Fock space, and
contributes to the correlator in a way to precisely cancel the prefactor B({xd}, {z(s)ρ }).
5 Schwinger-Dyson Equations: the Little String Perspective
We have showcased three different physical frameworks where we can make sense of a vortex
character for the 3d N = 4 gauge theory G3d. Moreover, we saw explicitly how the regularity
properties of this character implies a non-perturbative type of Schwinger-Dyson identities
for the theory. Ultimately, all the various perspectives are unified in a string theory picture.
In the process of describing it, we will learn about the dynamics of new defects in (2, 0)
little string theory. The literature on BPS-defects of the little string has been steadily
growing in the last few years, with rich physical and mathematical implications: among
them, we find codimension-2 defects [58, 89–91], codimension-4 defects [75, 92], point and
codimension-2 defects [18], and in this present work, new codimension-4 defects21.
5.1 Little String Basics
We consider ten-dimensional type IIB string theory compactified on an ADE surface X
times a circle, meaning type IIB on X ×M6. The six-manifold M6 is the product of an
infinite cylinder C = R× S1(R) of radius R and two complex lines, which we distinguish
using the subscript notation Cq and Ct, so that M6 = C × Cq × Ct. X is a resolution of
a C2/Γ singularity, where Γ is one of the discrete subgroups of SU(2). By the McKay
correspondence, such a discrete subgroup is labeled by one of the simply-laced Lie algebras
g = A,D,E; we call n the rank of g. Explicitly, the singularity is resolved by blow-up: the
exceptional divisor is a collection of 2-spheres Sa, a = 1, . . . , n, which organize themselves
in the shape of the Dynkin diagram of g.
We focus our attention on a sector of the theory which has far less degrees of freedom
than are present in the full IIB string. That is, we decouple gravity and focus only on
the degrees of freedom supported near the origin of X by sending the string coupling to
gs → 0. In this limit, the type IIB string on X becomes a six-dimensional string theory on
M6, known as the (2, 0) little string of type g = A,D,E [93–95]. It is not a local QFT [96].
It is instead a theory of strings proper (inherited from the ten-dimensional IIB strings),
21Equivalently, these are all T-dual defects in the (1, 1) little string theory.
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with finite tension m2s, the square of the string mass. There are a few good reviews in the
literature, most notably [97, 98].
The moduli space of the (2, 0) little string is(
R4 × S1)n /W (g) , (5.1)
where W (g) is the Weyl group of g. The moduli come from periods of various 2-forms
along the 2-cycles Sa of the surface X: the S
1 modulus is the R-R 2-form C(2) of the
ten-dimensional type IIB string theory integrated over Sa. Meanwhile, the R4 moduli come
from the NS-NS B-field B(2), and a triplet of self-dual 2-forms ωI,J,K , which exist because
X is a hyperka¨hler manifold. To get the correct R-R and NS-NS normalizations, one needs
to recall the low energy action of the type IIB superstring. In particular, the R-R field is
not accompanied by any power of gs. Moreover, the mass dimension of a scalar in a theory
of 2-forms should be 2. Then, in canonical normalization, we obtain:
m4s
gs
∫
Sa
ωI,J,K ,
m2s
gs
∫
Sa
B(2) , m2s
∫
Sa
C(2) . (5.2)
The above periods remain fixed in the limit gs → 0.
As is, this background preserves 16 supercharges. Ultimately, we want to make contact
with three-dimensional physics and produce nontrivial dynamics. We can achieve both goals
at once by introducing various supersymmetric branes. Since our construction originates
in type IIB, we naturally consider adding certain D-branes, whose tension should remain
finite in the gs → 0 limit. As we will argue, the relevant branes to consider here are D3
branes wrapping 2-cycles of the surface X, which we now turn to.
5.2 The Effective Theory on D3-Branes
To be more quantitative, we introduce some notations: According to the McKay correspon-
dence, the second homology group H2(X,Z) of X is identified with the root lattice Λ of g.
Then, H2(X,Z) is spanned by n vanishing 2-cycles Sa, which we identify as the positive
simple roots αa. The intersection pairing in homology is further identified with the Cartan
Killing metric of g; explicitly,
#(Sa ∩ Sb) = −Cab , (5.3)
where Cab is the Cartan matrix of g.
We also consider the second relative homology group H2(X, ∂X,Z). This group is
spanned by non-compact 2-cycles S∗a, a = 1, . . . , n, where each S∗a is constructed as the
fiber of the cotangent bundle T ∗Sa over a generic point on Sa. The group H2(X, ∂X,Z) is
identified with the weight lattice Λ∗ of g; correspondingly, the 2-cycle S∗a is identified with
the a-th fundamental weight λa of g. In particular, the following orthonormality relation
holds in homology:
#(Sa ∩ S∗b ) = δab . (5.4)
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Note that H2(X,Z) ⊂ H2(X, ∂X,Z), since compact 2-cycles can be understood as elements
of H2(X, ∂X,Z) with trivial boundary at infinity. This is just the homological version
of the familiar statement that the root lattice of g is a sublattice of the weight lattice, Λ ⊂ Λ∗.
Figure 4: A vanishing 2-cycle of an An singularity, labeled by Sa (the black 2-sphere), and
the dual non-compact 2-cycle S∗a (the black cigar).
Consider a total of N D3gauge branes wrapping the compact 2-cycles of X and one of
the complex lines Cq in M6, while sitting at the origin of the transverse complex line Ct.
This results in a net non-zero D3gauge brane charge, measured by a class [S] ∈ H2(X,Z).
We expand [S] in terms of positive simple roots as
[S] =
n∑
a=1
N (a) αa ∈ Λ , (5.5)
with N (a) non-negative integers. The N D3gauge branes are points on the cylinder C, with
coordinates {y(a)i }.
Next, we consider a total of Nf D3flavor branes wrapping non-compact 2-cycles in X,
along with the same complex line Cq in M6, while also sitting at the origin of the transverse
complex line Ct. The charge for these branes is measured by a class [S∗] ∈ H2(X, ∂X,Z).
We expand [S∗] in terms of fundamental weights as
[S∗] = −
n∑
a=1
N
(a)
f λa ∈ Λ∗ , (5.6)
where N
(a)
f are non-negative integers commonly called Dynkin labels. The Nf D3flavor
– 41 –
branes are points on the cylinder C, with coordinates {x(a)d }.
Lastly, we introduce L D3defect branes wrapping the non-compact 2-cycles in X and the
transverse complex line Ct, while sitting at the origin of Cq. The charge for these D3defect
branes is measured by a class [S∗defect] ∈ H2(X, ∂X,Z), expanded in terms of fundamental
weights as:
[S∗defect] = −
n∑
a=1
L(a) λa ∈ Λ∗ , (5.7)
where L(a) are non-negative integers, once again Dynkin labels. The L D3defect branes are
points on the cylinder C, with coordinates {z(a)ρ }.
Figure 5: The brane configuration in type IIB: there are N D3gauge branes wrapping
compact 2-cycles Sa and Cq (yellow), Nf D3flavor branes wrapping non-compact 2-cycles
S∗a’s and Cq (red). There are also L D3defect branes wrapping the non-compact 2-cycles
S∗a’s and Cq (green). All branes are points on the cylinder C. Later, we will also consider
the quantum mechanics of k D1vortex branes (not pictured) wrapping the compact 2-cycles
Sa’s.
Let us first ignore the D3defect branes. At energies E well below the string scale,
E/ms  1, the effective theory on the D3gauge branes is a three-dimensional gauge theory
with N = 4 supersymmetry22, on the manifold Cq × S1(R). At first sight, our brane
22Recall we have defined the periods of a triplet ~ω = (ωI , ωJ , ωK) of self-dual 2-forms (5.2). The D3flavor
branes wrapping the non-compact 2-cycles preserve the same supersymmetry only if the vectors
∫
S∗a
~ω all
point in the same direction, for all a = 1, . . . , n. Having made such a choice, we then have to worry about
the supersymmetry preserved by the D3gauge branes wrapping the compact 2-cycles. This is determined by
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setup may suggest that the gauge theory we obtain should only be two-dimensional, with
N = (4, 4) supersymmetry. However, it is not the case: the D3gauge branes are points
on the cylinder C = R × S1(R), and strings wrap around the circle, resulting in a tower
of Kaluza-Klein states on the T-dual circle of radius R̂ = 1/(m2s R), which modifies the
low-energy physics. Put differently, the (2, 0) little string compactified on S1(R) enjoys
T-duality (inherited from type IIB), under which it becomes the (1, 1) little string theory
compactified on S1(R̂). Then, the D3gauge branes at points on the cylinder C = R× S1(R)
in the (2, 0) little string are exactly the same as D4gauge branes wrapping the circle of
the T-dual cylinder C′ = R × S1(R̂), in the (1, 1) little string. It is clear in the second
description that the low energy theory really is three-dimensional, on Cq × S1(R̂). We call
this gauge theory G3d. The choice of this denomination is not innocent, since we will now
argue that the low energy theory on the branes is precisely the 3d theory we have studied
in the rest of this paper.
The precise characterization of G3d was determined by Douglas and Moore [99]: it is a
quiver gauge theory of shape the Dynkin diagram of g = ADE23. The gauge group is
G =
n∏
a=1
U(N (a)) , (5.8)
where the ranks N (a) were defined in (5.5) as the number of D3gauge branes wrapping the
compact 2-cycle Sa,
[S] =
n∑
a=1
N (a) αa ∈ Λ .
The flavor symmetry is the gauge group
GF =
n∏
a=1
U(N
(a)
f ) , (5.9)
where the ranks N
(a)
f were defined in (5.6) as the number of D3flavor branes wrapping the
non-compact 2-cycle S∗a,
[S∗] = −
n∑
a=1
N
(a)
f λa ∈ Λ∗ .
Note that because the 2-cycle S∗a are non-compact, the associated gauge fields of U(N
(a)
f ) are
frozen. This produces N
(a)
f hypermultiplets on node a, in the bifundamental representation
the periods of the 2-forms through the 2-cycles Sa, which is the choice of a metric on X. Then, it is always
possible to choose D3 branes wrapping the compact and non-compact 2-cycles and which break the same
supersymmetry.
23The original analysis of [99] was carried out in the full type IIB background, and the quiver gauge
theory there was labeled by an affine Dynkin diagram. Here, we are working in the little string limit gs → 0,
and the affine node is decoupled.
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(N (a), N
(a)
f ) of the group U(N
(a))× U(N (a)f ). Such multiplets come about from quantizing
the strings between the D3 branes wrapping the compact 2-cycle Sa and the non-compact
2-cycle S∗a.
Finally, for a 6= b, we have hypermultiplets coming from the intersection of 2-cycles
Sa and Sb at a point. The intersection pairing #(Sa ∩ Sb) in homology is identified with
the incidence matrix of g. Open strings with one end on the a-th D3gauge brane and
the other end on the b-th D3gauge brane results in a hypermultiplet in the bifundamental
representation (N (a), N (b)) of U(N (a))× U(N (b)).
So far, the above stringy construction applies a priori to any configuration of D3gauge
and D3flavor branes. The resulting effective 3d N = 4 gauge theory then inherits an
arbitrary gauge and flavor content. The aim of this work is to exhibit certain symmetries
associated to BPS vortices, which sit at Higgs vacua. Therefore, from now on, we require
the number NF of D3flavor branes to be large enough, so that G
3d possesses a Higgs branch
and that its vacua be Higgs vacua.
Consider now adding the D3defect branes in the background. Recall that those branes
wrap the non-compact 2-cycles of the geometry. As such, they are not dynamical. They
are point defects on the Cq-line, and break supersymmetry further by half. The number of
such D3defect branes is L =
∑n
a=1 L
(a). Correspondingly, the defects carry a background
gauge group of their own,
Ĝdefect =
n∏
a=1
U(L(a)) . (5.10)
Figure 6: T-duality tells us that the D3 branes at points on the cylinder C in the (2, 0)
little string are the same as D4 branes wrapping the T-dual cylinder C′ in the (1, 1) little
string.
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The D3defect branes are points on C, or equivalently, following the same line of reasoning
as before, they are D4defect branes wrapping the circle S
1(R̂) of the T-dual cylinder C′.
Thus, from the point of view of the gauge theory G3d, the D3defect branes really are 1/2-BPS
defects wrapping the S1(R̂), and at the origin of C; in other words, they make up a Wilson
loop of G3d 24.
Translating the geometry to gauge theory data, the periods (5.2) of the (2, 0) little
string become parameters of G3d. Namely, the modulus coming from the NS-NS B(2)-field
through the 2-cycle S2a is identified with the gauge coupling on node a of the quiver gauge
theory. The triplet of self-dual two-forms ωI,J,K are the FI parameters. The positions of the
N D3gauge branes on the cylinder C are (part of the) Coulomb moduli of G3d. The positions
of the Nf D3flavor branes on C are mass parameters for the fundamental hypermultiplets
of G3d. Finally, the positions of the L D3defect branes on C are the fermion masses (2.9)
for the Wilson loop. All of the above moduli and parameters are complexified, due to the
presence of the circle S1(R̂) the 3d theory and the Wilson loop live on. This is precisely
the gauge theory setup we studied throughout this paper.
We end this section with comments on the limit ms →∞25. In that regime, we lose the
one scale of the theory and flow to a (2, 0) SCFT on M6, labeled by the same simply-laced
Lie algebra g as the (2, 0) little string26. The various moduli of the little string are kept fixed
in the limit, and become moduli of the SCFT. We further insist on keeping the Riemann
surface we compactified the theory on fixed, along with the position of the various D3
branes on it; that is, the cylinder C = R× S1(R) remains fixed. Recall however that G3d is
naturally defined on the T-dual cylinder C′ = R×S1(R̂), where R̂ = 1/(m2sR). Therefore, if
R is kept fixed, the dual radius R̂ vanishes in the SCFT limit and the theory on the branes
becomes effectively two-dimensional, with N = (4, 4) supersymmetry. The gauge coupling
on the D3 branes becomes infinite, meaning the theory cannot be described as a gauge
theory anymore. Meanwhile, the Wilson loop wrapping R̂ becomes a 1/2-BPS point defect,
and supersymmetry is broken to N = (0, 4). In the rest of this paper, we keep ms finite.
5.3 The Index of the Little String is a qq-character
Our goal is to compute the partition function of the (2, 0) little string theory on M6 =
C × Cq × Ct. Note this is fully equivalent to computing the partition function of the (1, 1)
24The realization of supersymmetric Wilson loops in string theory was first proposed in [100, 101], in the
context of holography; namely, a loop in the first fundamental representation of SU(N) is described as a
fundamental string whose worldsheet ends at the loop, located at the boundary of AdS. Later, a description
of the loops was given in terms of D-branes instead [50, 102, 103], allowing for more general representations.
This D-brane perspective is the one relevant to us here; in particular, the D3defect branes we study are
T-dual to the D5’ branes appearing in the work [51].
25As usual, there are a priori many ways to take this limit. The limit described here is the same one that
turned deformed Wq,t(g)-algebras into the usual W(g)-algebras.
26In the T-dual setup, the (1, 1) little string in the low energy limit becomes 6d maximally supersymmetric
Yang-Mills theory, with gauge group of type g.
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little string on M ′6 = C′×Cq ×Ct, where C′ is the T-dual cylinder of radius R̂. In the latter
setup, and in the absence of D-branes, the partition function is naturally expressed as a
supersymmetric index:
Tr
[
(−1)F qS1−SR t−S2+SR ] . (5.11)
The trace is defined over the circle R̂, and qS1−SR t−S2+SR turns the manifold M ′6 into
a twisted product. As we go around S1(R̂), the line Cq is rotated by q, and the line Ct is
rotated by t−1, describing an Ω-background. S1 is the generator of the Cq-rotations, while
S2 is the generator of the Ct-rotations. SR is the generator of a U(1) ⊂ SU(2) subgroup
of the R-symmetry of the 6d theory. Without any branes, the index is trivial by pairwise
cancellations of bosons and fermions, since the 6d theory has too much supersymmetry.
Working in the T-dual setup, we first add the D4gauge and D4flavor branes in the
background. By a supersymmetric localization argument, the partition function of the
bulk little string becomes the partition function on the defects. Indeed, supersymmetry is
only broken near the locus of the defect branes, while the supersymmetries of the full (1, 1)
little string are preserved away from the defect. It follows that the partition function on
the D4 branes is precisely the half-index (3.2) of G3d. In particular, the 3d FI parameter
contribution (3.6) comes from turning on the periods of the self-dual two-form ωI . The
N = 4 vector multiplet contribution on node a (3.7) comes about from quantizing the
D4gauge/D4gauge strings, with the D4 branes wrapping the a-th compact 2-cycle. The
N = 4 bifundamental hypermultiplets contribution between nodes a and b (3.10) comes
about from quantizing the D4gauge/D4gauge strings, with one set of D4 branes wrapping the
a-th compact 2-cycle, and the other set of D4 branes wrapping the b-th compact 2-cycle.
The N = 4 fundamental hypermultiplet contribution on node a (3.11) comes about from
quantizing the D4gauge/D4flavor strings, with the D4gauge branes wrapping the a-th compact
2-cycle, and the D4flavor branes wrapping the dual non-compact 2-cycle.
We now introduce the D4defect branes. These branes are nondynamical as they do not
wrap Cq, but they nonetheless modify the index. We conjecture here that the new string
sectors realize the Y -operator defect in the gauge theory. Namely, (3.15) is the contribution
of D4gauge/D4defect strings at node a, while (3.16) is the contribution of D4flavor/D4defect
strings at node a. All in all, this implies that the index of the little string in the presence
of all three types of branes localizes to the vortex qq-character observable. We rewrite here
for convenience, normalized by the index in the absence of D4defect branes:
[χ˜]
(L(1),...,L(n))
D4g/D4f/D4d
({z(a)ρ }) =
1
[χ]
(0,...,0)
D4g/D4f
∑
ω∈V (λ)
n∏
b=1
(
q˜(b)
)dωb
cdωb (q, t)
(
Q˜(b)dωb ({z
(a)
ρ })
) [
Y˜3d({z(a)ρ })
]
ω
.
(5.12)
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The superscripts in the index designate the D4defect charge, while the subscripts indicate
which types of branes are present (D4g for D4gauge and so on).
This above identification makes the dictionary to deformed W-algebras explicit: the N
screening charges (4.7) are the N D4gauge branes, the NF fundamental vertex operators
(4.13) are the NF D4flavor branes, and the L generating currents (4.8) are the L D4defect
branes. The little string index can therefore be recast as the q-Toda correlator (4.28).
To make contact with the vortex quantum mechanics T 1d, we need to do a little more
work. Namely, we freeze the moduli of the D4gauge branes to be equal to the moduli of
the D4flavor branes. This describes the root of the Higgs branch for G
3d. Geometrically,
this means we can recombine the D4gauge branes with the D4flavor branes so that they
exclusively make up a collection of NF D4’flavor branes wrapping the non-compact 2-cycles
of X, and the theory is effectively massive.
Figure 7: Illustration of the Higgsing procedure in the string theory picture. On the right
side, the gauge and flavor branes have recombined exclusively into flavor branes.
Now, we would like to introduce vortices for G3d. First note that a generic collection
of vortices is BPS if the 3d FI parameters are aligned in the same direction. For each
a = 1, . . . , n, the triplet of FI terms
∫
Sa
ωI,J,K transforms as a vector under the R-symmetry
group SU(2)R rotating the hypermultiplet scalars. We identify SU(2)R as the SU(2)
R-symmetry of the little string. We then turn on the periods
∫
Sa
ωI > 0, while setting
the other periods to zero,
∫
Sa
ωJ,K = 0, for all a. Correspondingly, this turns on a real FI
parameter on each node a (complexified as usual due to the presence of the cylinder C′),
while the complex FI parameters are set to zero. This describes a generic point on the
Higgs branch of G3d, and SU(2)R is broken to U(1)R, which acts by rotating the periods of
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ωJ and ωK . This background indeed allows for 1/2-BPS vortex solutions: they are D2vortex
branes wrapping the compact 2-cycles of X and the circle of the cylinder C′ in the (1, 1)
little string. Alternatively, they are D1vortex branes wrapping the compact 2-cycles of X at
a point on C in the (2, 0) little string. With all branes present, only two supercharges are
preserved in the background.
The effective theory on k D2vortex branes is precisely the quantum mechanics T
1d. It
follows that the index of the (1, 1) little string in the presence of the D4’flavor branes, the
D4defect branes, and the new D2vortex branes, is the 1d N = 2 Witten index (2.10). In its
integral representation (2.12), the index is comprised of 1-loop determinants, all of which
can be attributed to the various strings stretching between the branes. Let us explain the
factors resulting in the Wilson loop physics: the classical Wilson loop contribution Z
(a)
defect,∅
is attributed to D4’flavor/D4defect strings, which provide exclusively fermions; for details,
see the T-dual setup of D0/D8 branes studied in [104], as well as [51]. Meanwhile, the
interaction Z
(a)
defect,k of the vortices with the Wilson loop is attributed to D2vortex/D4defect
strings on node a. It provides the degrees of freedom for (the reduction from 2d N = (0, 4)
to) 1d N = 4 twisted hypermultiplets and Fermi multiplets; these 1-loop determinants were
also worked out in T-dual setups, see [13, 18, 105].
All in all, the Witten index of T 1d is a little string index, which can be naturally
expressed once again as a vortex qq-character:
[χ˜]
(L(1),...,L(n))
D2v/D4’f/D4d
({z(a)ρ }) =
1
[χ]
(0,...,0)
D2v/D4’f
∑
ω∈V (λ)
n∏
b=1
(
q˜(b)
)dωb
cdωb (q, t)
(
Q(b)dωb ({z
(a)
ρ })
) [
Y1d({z(a)ρ })
]
ω
.
(5.13)
Again, the superscripts indicate the D4defect charge, while the subscripts indicate which
types of branes are present in the background.
Recall that this index depends on a choice of sign for the 1d FI parameter. In the little
string context, this is the sign of the period for the NS-NS B-field
∫
Sa
B(2). In particular,
as we will argue next, changing the sign of this period gives a little string realization of 3d
Seiberg duality.
6 Discussion
6.1 Seiberg Duality of the Vortex Character
Our focus in this paper was on the UV physics in three dimensions, and in particular
we have not paid attention to what the IR description of G3d may look like. Our only
requirement was that the theory had Higgs vacua, and the number of hypermultiplets in
that range allows for many distinct behaviors in the IR [47, 106]. It can happen that two
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distinct UV theories flow to the same IR point, a phenomenon called Seiberg duality [38].
We would like to ask what the action of Seiberg duality (if any) is on the qq-character
observable we constructed.
Luckily, we have the one-dimensional quantum mechanics description at our disposal,
where Seiberg duality is understood microscopically as a change of sign in the 1d FI
parameter ζ1d [39]; in the absence of a Wilson loop, 3d N = 4 gauge theories which are
Seiberg-dual in the UV typically look very different from each other, but turn out to have
identical partition functions. In the 1d quantum mechanics picture, Seiberg-dual theories
happen to have one and the same gauge theory description T 1dpure. What happens in the
presence of a Wilson loop? For starters, the quantum mechanics T 1d is no longer invariant:
this is because the Wilson loop transforms in some representation of the 3d gauge group G,
not the 3d flavor group GF , a distinction which breaks a symmetry of Seiberg-duality. In
particular, the dual Wilson loop is expected to map to a flavor Wilson loop, already in the
topologically trivial sector. In our presentation of the Witten index, this is the contribution
of the Fermi multiplets Z
(a)
defect,∅ present at k = 0. We also want to understand the duality
in a background with arbitrary vortex charge k. A detailed proof of the construction of the
Seiberg-dual character will be given in the case g = A1 in section 7. Here, we only sketch
the main points.
From the quantum mechanics picture, the qq-character of a Seiberg-dual theory can
easily be obtained after changing the sign of some of the 1d FI parameters ζ
(a)
1d from positive
to negative in the Witten index (2.12). In particular, a different set of poles from the one
considered so far in this paper will be enclosed by the contours of the dual theory. This
modification of the contours is perfectly tractable, and we can readily compute the index
by the JK-residue. As our end result, we find that up to normalization by the “classical”
contribution Z
(a)
defect,∅, the vortex character of a Seiberg-dual theory is obtained by switching
the signs of the various flavor masses, defect fermion masses and 3d FI parameters in the
quantum mechanics. There is one caveat, however: the FI parameters are continuous, so
when changing their sign, wall crossing can happen at the value ζ
(a)
1d = 0. This typically
results in new states from the Coulomb branch contributing to the Witten index, and these
should be identified carefully by considering the residues at φ→ ±∞.
Another important subtlety is that the Seiberg-dual theory we identify in this formalism
is only correct on the Higgs branch, where the vortex solutions are defined. In particular,
at a more general point on the moduli space, the 3d Seiberg-dual theories we identify can
happen to disagree globally. Put differently, the duality we identify is only strictly true at a
special point in the moduli space. For physical considerations on this point, see [107–111].
For mathematical considerations, see [112–114].
6.2 Future Directions
Starting from our construction of the vortex character, there are many important questions
to investigate. Let us list a few pressing open problems:
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One important question would be to understand what the D3defect branes of the little
string mean in geometry, most notably in the language of quantum K-theory of Nakajima
quiver varieties [37, 75].
Defining the vortex characters should be possible for classical gauge groups using
orientifold arguments [10], and for more general quiver theories than the ADE ones. For
instance, so-called “fractional” quiver theories, which include the non simply-laced BCFG
algebras, should be obtained by folding [15, 18, 75]. Affine quivers theories could also be
studied, modifying some of our arguments in a straightforward way.
The vortex characters we constructed are naturally defined for 3d theories on the
manifold C × S1(R̂). As we mentioned in the text, reducing the theory on the circle
produces vortex characters for 2d N = (4, 4) gauged sigma models [8]. It should likewise be
straightforward to study the uplift to 4d N = 2 theories on the manifold C× T 2; such a lift
is expected to produce elliptic vortex characters [22].
Recently, a vortex qq-character was defined for certain 3d N = 2 gauge theories of
handsaw-type [18] obtained from the Higgsing a five-dimensional theory, using a similar
construction to the one we presented for N = 4 theories. In the Wq,t(g)-algebra formalism,
the characters arise as correlators similar to those studied here, but with the insertion of
deformed “primary” vertex operators at points on the cylinder rather than the fundamental
vertex operators (4.13) compatible with N = 4 supersymmetry. It would be important
to construct the characters for more generic 3d N = 2 theories, and understand their
realization in the language of W(g)-algebras and string theory, as well as the action of
Seiberg-like duality [115, 116].
Mirror symmetry is known to exchange Wilson loops with so-called vortex loops in 3d
N = 4 gauge theories [51, 117]. By Wilson loop, we mean here the classical contribution
Z
(a)
defect,∅. It our work, we crucially made use of the idea that the presence of such a loop
should generalize the vortex moduli space altogether and introduce new multiplets in the
quantum mechanics (as opposed to localizing the loop on the vortex solutions in the absence
of a loop). It would be interesting to study the action of mirror symmetry in our setup,
and notably how the symmetry acts on the vortex character.
7 A Case Study: 3d N = 4 SQCD
In this section, we illustrate in detail all the statements made in the paper for the Lie algebra
g = A1. Namely, consider the 3d N = 4 gauge theory G3d with gauge group G = U(N)
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and flavor group GF = U(NF ), on the manifold C× S1(R̂), with a 1/2-BPS Wilson loop at
the origin of C and wrapping S1(R̂).
——- The 1d Quantum Mechanics ——-
Let us first describe the theory in the absence of Wilson loop. We freeze each equivariant
parameter of G to be one of the equivariant parameters of GF = U(NF ), describing the
root of the Higgs branch of G3d. We turn on the real FI parameter ζ3d > 0, complexified
because of the circle, and consider the moduli space of k vortices. Let T 1dpure be the quantum
mechanics on the vortices. It is a theory with (the reduction from 2d N = (2, 2) to) 1d
N = 4 supersymmetry on S1(R̂), with gauge group Ĝ = U(k). The flavor symmetry is
ĜF = U(N)× U(NF −N), where the first group is the symmetry of N fundamental chiral
multiplets, while the second group is the symmetry of NF − N antifundamental chiral
multiplets.
Figure 8: The 3d gauge theory G3d and the vortex quantum mechanics T 1dpure.
The Witten index (2.10) of the quantum mechanics is expressed as the following integral:
[χ]
(L)
1d =
∞∑
k=0
eζ3d k
k!
∮
Mpurek
[
dφI
2pii
]
Zpure,vec · Zpure,adj · Zpure,teeth , (7.1)
Zpure,vec =
∏k
I 6=J
I,J=1
sh (φI − φJ)∏k
I,J=1 sh (φI − φJ + 2)
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Zpure,adj =
k∏
I,J=1
sh (φI − φJ + 1 + 2)
sh (φI − φJ + 1)
Zpure,teeth =
k∏
I=1
N∏
i=1
sh (φI −mi + − + 2)
sh (φI −mi + −)
Nf−N∏
j=1
sh (−φI +mj + + + 2)
sh (−φI +mj + +) .
We made use of the notations sh(x) = 2 sinh(R̂ x/2), + = (1 + 2)/2 and − = (1− 2)/2.
Crucially, the index depends on the sign of the 1d FI parameter, which we take here to be
ζ1d > 0. After applying the JK-residue prescription in that FI-chamber, the poles that end
up contributing at vortex charge k to the T 1dpure index make up a set Mpurek . The elements
of this set satisfy:
φI = φJ − 1 , (7.2)
φI = φJ − 2 , (7.3)
φI = mi − − , i ∈ {1, . . . , N} . (7.4)
The poles (7.2) arise from the adjoint chiral factor Zpure,adj , the poles (7.3) arise from
the vector multiplet Zpure,vec, and the poles (7.4) arise from flavor factor Zpure,teeth. Most
notably, the last set of contours only encloses poles originating from the fundamental chiral
multiplets, and none of the antifundamental chiral multiplets. Furthermore, the residues at
the locus (2.21) are all zero, thanks to the numerator of Zpure,teeth. Putting it all together,
the various poles which end up contributing with nonzero residue are of the form
φI = mi − − − (si − 1)1 , with si ∈ {1, . . . , ki} , i ∈ {1, . . . , N} . (7.5)
In this notation, (k1, . . . , kN ) is a partition of k into N non-negative integers, and the pair
of integers (i, si) is assigned to one of the integers I ∈ {1, . . . , k} exactly once.
Performing the residue integral, one finds the following well-known expression [118]:
[χ]
(0)
1d =
∞∑
k=0
eζ3d k
∑
∑
i ki=k
ki≥0
 N∏
i,j=1
ki∏
s=1
sh (mi −mj + 2 − (s− kj − 1) 1)
sh (mi −mj − (s− kj − 1) 1)

×
 NF∏
i=N+1
N∏
j=1
kj∏
p=1
sh (mi −mj + 2 + p 1)
sh (mi −mj + p 1)
 (7.6)
Let us now consider the inclusion of the Wilson loop, transforming in the fundamental
representation of G = U(N). This loop is a 1/2-BPS codimension-2 defect from the point
of view of G3d; we introduce a defect group Ĝdefect = U(1) for the 1d fermions in the loop,
with associated mass fugacity M . The inclusion of the loop modifies the vortex quantum
mechanics, which we now call T 1d.
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Figure 9: The 3d gauge theory G3d with a Wilson loop defect and the vortex quantum
mechanics T 1d. The notations are as in Figure 2.
Its Witten index is given by:
[χ]
(1)
1d =
∞∑
k=0
eζ3d k
k!
Zdefect,∅
∮
Mk
[
dφI
2pii
]
Zpure,vec · Zpure,adj · Zpure,teeth · Zdefect,k , (7.7)
Zdefect,∅ =
N∏
i=1
sh (mi −M + 2)
Zdefect,k =
k∏
I=1
sh (φI −M − −) sh (−φI +M − −)
sh (φI −M − +) sh (−φI +M − +) .
We once again work in the FI-chamber ζ1d > 0. For a given vortex charge k, the set of
poles to be enclosed by the contours is called Mk. This set contains the set Mpurek we
specified in (7.5) for the theory T 1dpure, and an extra locus depending on the defect fermion
mass M :
φI = M + + , for some I ∈ {1, . . . , k} . (7.8)
No other pole depending on M exists, by the following argument: consider the pole at
φI = M + + for I fixed. The JK-prescription indicates there is a pole at the locus
φJ − M − + = 0, with J 6= I. But the residue there is zero, because of the factor
sh(φI − φJ) in the numerator of Zpure,vec. Similarly, the JK prescription requires us to
include the hyperplanes φJ − φI + 1 = 0 and φJ − φI + 2 = 0. But the numerators of
Zdefect,k guarantee a zero residue at this loci, so we have succeeded in showing that there is
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exactly one M -dependent pole in Mk. Put differently, |Mk| = |Mpurek |+ 1, for all k. We
conclude that for a given vortex charge k, we choose one of the contours to pick up the
unique M -dependent pole in Mk, namely (7.8), and the k − 1 other poles are to be chosen
in the set Mpurek−1 , according to (7.5).
We introduce a (renormalized) 1/2-BPS codimension-2 defect operator for the loop,
with associated vev:〈
[Y1d(M)]
±1
〉
≡
∞∑
k=0
eζ3d k
k!
∮
Mpurek
[
dφI
2pii
]
Zpure,vec · Zpure,adj · Zpure,teeth · [Zdefect,k(M)]±1 .
(7.9)
Note the contour is defined to exclusively enclose poles in the set Mpurek , thereby avoiding
the pole at φI = M + +. In what follows, we will freely make use of K-theoretic notations,
q˜ = eζ3d , (7.10)
q = e1 , t = e−2 , v = e+ =
√
q/t, u = e− =
√
q t,
fd = e
−md , z = e−M .
Furthermore, for ease of presentation, we renormalize the index by the classical Wilson
loop contribution and the index of the vortex quantum mechanics T 1dpure in the absence of
Wilson loop:
[χ˜]
(1)
1d (z) ≡
[χ]
(1)
1d (z)
Zdefect,∅(z) · [χ](0)1d
(7.11)
Then, we find that the normalized index can be expressed in terms of the Y -operators, as a
sum of exactly two terms:
[χ˜]
(1)
1d (z) =
1
[χ]
(0)
1d
〈Y1d(z)〉+ q˜ N∏
i=1
1− q t−1 fi/z
1− q fi/z
NF∏
j=N+1
1− t fj/z
1− fj/z
〈
1
Y1d(z v−2)
〉 .
(7.12)
This is a twisted qq-character of the fundamental representation of the quantum affine
algebra Uq(Â1). The meaning of the above character is as follows: The first term on the
right-hand side encloses almost all the “correct” poles in the index integrand, but it is
missing exactly one: the extra pole at φI −M − + = 0. The second term on the right-hand
side makes up for this missing pole, and relies on a key observation: we can trade a contour
enclosing this extra pole for a contour which does not enclose it, at the expense of inserting
the operator Y (z v−2)−1 inside the vev. This result is derived at once from the integral
expression (7.7), and the Y -operator definition (7.9). Finally, note the presence of the 3d
FI parameter q˜ in the second term; it counts exactly one vortex, to make up for the missing
M -pole, consistent with the fact that |Mk| = |Mpurek |+ 1.
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It is instructive to recast the above result in terms of the general expression for the
index presented in the main text:
[χ˜]
(1)
1d (z) =
1
[χ]
(0)
1d
∑
ω∈V (λ)
(q˜)d
ω
cdω(q, t)Qdω(z) [Y1d(z)]ω . (7.13)
In that notation, the sum is over two weights exactly, the highest weight ω1 = [1] of the
spin-1/2 representation of A1, and the ω2 = [−1], obtained by lowering ω1 by the positive
simple root α of A1: [1]− [2] = [−1]. The coefficients cdω(q, t) are all 1, while
Qd[1](z) = 1 , Qd[−1](z) =
N∏
i=1
1− q t−1 fi/z
1− q fi/z
NF∏
j=N+1
1− t fj/z
1− fj/z , (7.14)
and
[Y1d(z)][1] = 〈Y1d(z)〉 , [Y1d(z)][−1] =
〈
1
Y1d(z v−2)
〉
. (7.15)
Non-perturbative Schwinger-Dyson identities for G3d follow from the regularity conditions
of the vortex character in the defect fugacity z = e−M . Namely, a z-singularity will arise if
two poles of the integrand pinch one of the contours. Let us list such pairs of poles, where
the poles on the left are inside the contours and the poles on the right are outside the
contours, by the JK-prescription. We let I ∈ {1, . . . , k} and find:
φI −M − + = 0 and φI −mj − + = 0 (j ∈ {N + 1, . . . , NF }) (7.16)
φI −M − + = 0 and φI − φJ − 1 = 0 (J 6= I) (7.17)
φI −M − + = 0 and φI − φJ − 2 = 0 (J 6= I) (7.18)
φI −mi + − = 0 and φI −M + + = 0 (i ∈ {1, . . . , N}) (7.19)
φI − φJ + 1 = 0 and φI −M + + = 0 (J 6= I) (7.20)
φI − φJ + 2 = 0 and φI −M + + = 0 (J 6= I) (7.21)
The sets of poles (7.17), (7.18), (7.20) and (7.21) pinch the contour, but the singularity is
canceled by a zero in the integrand. For instance, the set (7.20) implies a singularity at the
locus φJ −M − − = 0, but there is a zero there due to the numerator of Zdefect,k. The
sets of poles (7.16) and (7.19) genuinely pinch the contours, and result in singularities
M = mj (j ∈ {N + 1, . . . , NF }) , (7.22)
M = mi + 2 (i ∈ {1, . . . , N}), (7.23)
The singularity (7.23) is formally canceled by the Fermi multiplets numerators of Zdefect,∅
in the index (7.7), but we normalized by this classical contribution when defining the vortex
character. The singularity is absent if we decide not to normalize the index by Zdefect,∅, at
the cost of slightly modifying the twist of the qq-character. Our choice to normalize by this
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classical contribution was purely cosmetic, and ultimately does not affect any result. On the
other hand, the singularity (7.22) is an unavoidable feature of 3d N = 4 theories. Removing
this singularity can be done by inserting an additional flavor Wilson loop in the 3d theory,
transforming in the fundamental representation of the flavor subgroup U(Nf −N) ⊂ U(NF );
this would result in extra Fermi multiplet contributions to the index, of the form Zdefect,∅
(7.7). We decided against adding unnecessary Wilson loops in this work. Ultimately, our
presentation of the index simply means that we have to live with these flavor singularities.
The Schwinger-Dyson identities are the statement that these are the only singularities
present.
——- The 3d Gauge Theory Perspective ——-
In the absence of Wilson loop, the half-index of the 3d theory reads
[χ˜]
(0)
3d =
∮
Mbulk
dy
[
I3dbulk(y)
]
. (7.24)
where the bulk contribution reads
I3dbulk(y) =
N∏
i=1
yi
(ζ3d−1) Ivec(y) · Iflavor(y, {xd}) . (7.25)
The factor
N∏
i=1
yi
(ζ3d) (7.26)
is the contribution of the 3d FI parameter.
The factor
Ivec(y) =
∏
1≤i 6=j≤N
(yi/yj ; q)∞
(t yi/yj ; q)∞
∏
1≤i<j≤N
Θ (t yi/yj ; q)
Θ (yi/yj ; q)
(7.27)
stands for the contribution of the N = 4 vector multiplet for the gauge group G = U(N).
The factor
Iflavor(y, {xd}) =
NF∏
d=1
N∏
i=1
(t v xd/yi; q)∞
(v xd/yi; q)∞
(7.28)
stands for the contribution of the N = 4 hypermultiplets in the fundamental representation
of the a-th gauge group. The set of poles to be enclosed by the contours is denoted as
Mbulk. Following the JK-residue prescription, the poles which contribute with nonzero
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residue are located at
yi = v xd q
s , s = 0, 1, 2, . . . , d ∈ {1, . . . , NF } , (7.29)
where each integer {i} gets mapped uniquely to one of the integers {d}. Note that the
t-dependent poles coming from the vector multiplet denominators
(
t y
(a)
i /y
(a)
j ; q
)
∞
are
allowed by the JK-prescription, but they contribute with zero residue due to the fundamental
hypermultiplet numerators (t v xd/yi; q)∞. Having identified the poles, one can perform the
residue integral to recover the Witten index (7.6) of the quantum mechanics T 1dpure (up to
normalization by irrelevant infinite quantum dilogarithm factors).
We now introduce the 1/2-BPS Wilson loop wrapping S1(R̂) via gauging its 1d degrees
of freedom, as explained in the main text. The corresponding defect Y -operator vev is
written as an integral over the Coulomb moduli of the 3d theory:〈[
Y˜3d(z)
]±1〉 ≡ ∮
Mbulk
dy
[
I3dbulk(y) ·
[
Y˜defect(y, z)
]±1]
, (7.30)
with
Y˜defect(y, z) =
N∏
i=1
1− t yi/z
1− yi/z . (7.31)
There is also the flavor part of the defect which we have to include,
Y˜flavor({xd}, z) =
NF∏
d=1
1− v xd/z
1− t v xd/z . (7.32)
Then, the (normalized) index of G3d in the presence of a Wilson loop is defined as the
following vortex character:
[χ˜]
(1)
3d (z) =
1
[χ]
(0)
3d
[
Y˜flavor({xd}, z)
〈
Y˜3d(z)
〉
+
〈
1
Y˜3d(z v−2)
〉]
. (7.33)
This is once more a twisted qq-character of the fundamental representation of Uq(Â1). It is
again instructive to recast the above result in terms of the general expression for the index
presented in the main text:
[χ˜]
(1)
3d (z) =
1
[χ]
(0)
3d
∑
ω∈V (λ)
(q˜)d
ω
cdω(q, t) Q˜dω(z) [Y3d(z)]ω . (7.34)
Just as in the case of the quantum mechanics presentation, the sum is over two weights
exactly: the highest weight ω1 = [1] of the spin-1/2 representation of A1, and the ω2 = [−1],
obtained by lowering ω1 by the positive simple root α of A1: [1]− [2] = [−1]. The coefficients
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cdω(q, t) are all 1, while
Q˜d[1](z) = Y˜flavor({xd}, z) , Q˜d[−1](z) = 1 , (7.35)
and [
Y˜3d(z)
]
[1]
=
〈
Y˜3d(z)
〉
,
[
Y˜3d(z)
]
[−1]
=
〈
1
Y˜3d(z v−2)
〉
. (7.36)
The correctness of this definition can be checked by comparing it to the Witten index of
the vortex theory; recall that we previously derived:
[χ˜]
(1)
1d (z) =
1
[χ]
(0)
1d
〈Y1d(z)〉+ q˜ N∏
i=1
1− q t−1 fi/z
1− q fi/z
NF∏
j=N+1
1− t fj/z
1− fj/z
〈
1
Y1d(z v−2)
〉 .
(7.37)
We can perform the residue integral over the poles (7.5) explicitly, and define “3d variables”
as:
yi,∗ = fi qki+1 , i ∈ {1, . . . , N} , (7.38)
along with the rescaling of the 1d masses to define them in terms of the 3d masses,
fi = v xi , i = 1, . . . , NF . (7.39)
The defect residue in the quantum mechanics becomes:
Zdefect,k(yi,∗, z) =
N∏
i=1
1− t yi,∗/z
1− yi,∗/z ·
N∏
i=1
1− fi/z
1− t fi/z
=
N∏
i=1
1− t yi,∗/z
1− yi,∗/z ·
N∏
i=1
1− v xi/z
1− t v xi/z
=
[
Y˜defect(~y∗, z)
]
·
[
Y˜flavor({xd}, z)
]
·
NF∏
i=N+1
1− t v xi/z
1− v xi/z (7.40)
In other terms, we find that the Y -operator vev as defined in the quantum mechanics can
be written in terms of the Y -operator vev as defined in the 3d theory.
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Let us now look at the second term in the 1d vortex character:
N∏
i=1
1− q t−1 fi/z
1− q fi/z
NF∏
j=N+1
1− t fj/z
1− fj/z
1
Zdefect,k(yi,∗, z v−2)
=



N∏
i=1
1− q t−1 fi/z
1− q fi/z
NF∏
j=N+1
1− t fj/z
1− fj/z
N∏
i=1
1− v2 yi,∗/z
1− t v2 yi,∗/z ·



N∏
i=1
1− q fi/z
1− q t−1 fi/z
=
N∏
i=1
1− v2 yi,∗/z
1− t v2 yi,∗/z
NF∏
j=N+1
1− t v xj/z
1− v xj/z
=
1[
Y˜defect(~y∗, z v−2)
] · NF∏
i=N+1
1− t v xi/z
1− v xi/z (7.41)
After the above astonishing cancellations, we find that the characters are in fact proportional
to each other! Denoting the proportionality factor as
c3d/1d =
NF∏
i=N+1
1− t v xi/z
1− v xi/z , (7.42)
we proved that
[χ˜]
(1)
3d (z) = c3d/1d · [χ˜](1)1d (z) . (7.43)
——- The Wq,t(A1)-Algebra ——-
q-Liouville theory on the cylinder C enjoys a Wq,t(A1)-algebra symmetry, which is
generated by the deformed stress tensor W (2)(z). This generating current is constructed as
the commutant of the screening charge. We find:
W (2)(z) =: Y(z) : + : [Y(v−2z)]−1 : , (7.44)
where Y is the operator defined in (4.9). We consider the correlator:〈
ψ′
∣∣∣∣∣∣
Nf∏
d=1
V (xd) Q
N W (2)(z)
∣∣∣∣∣∣ψ
〉
. (7.45)
The contours are specified as to not enclose any pole in the z variable. The state |ψ〉 is
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defined such that:
α[0]|ψ〉 = 〈ψ, α〉|ψ〉 (7.46)
α[k]|ψ〉 = 0 , for k > 0,
where the α[k] generate a q-deformed Heisenberg algebra:
[α[k], α[m]] =
1
k
(q
k
2 − q− k2 )(t k2 − t− k2 )(vk + v−k)δk,−m . (7.47)
We compute the various two-points making up the correlator; first, the bulk contributions
∏
1≤i<j≤N
〈S(yi)S(yj)〉 =
∏
1≤i 6=j≤N
(yi/yj ; q)∞
(t yi/yj ; q)∞
∏
1≤i<j≤N
Θ (t yj/yi; q)
Θ (yj/yi; q)
(7.48)
N∏
i=1
〈V (xd)S(yi)〉 =
N∏
i=1
(t v xd/yi; q)∞
(v xd/yi; q)∞
. (7.49)
The two-point of fundamental vertex operators with themselves will drop out after normal-
ization, so we omit writing it.
We now come to the contributions involving the Wilson loop. First, the two-point of
the stress tensor with the screening currents
N∏
i=1
〈
S(yi)W
(2)(z)
〉
=
N∏
i=1
1− t yi/z
1− yi/z +
N∏
i=1
1− v2 yi/z
1− t v2 yi/z (7.50)
Note that in the actual correlator, the vacuum is labeled by |ψ〉 instead of |0〉, resulting in
a relative shift of q˜ between the two terms. A more involved computation is the two-point
of the fundamental vertex operator with the stress tensor:
〈
V (xd)W
(2)(z)
〉
= exp
(∑
k>0
1
k
tk − 1
vk + v−k
(xd
z
)k)
+ exp
(
−
∑
k>0
1
k
tk − 1
vk + v−k
(
v2 xd
z
)k)
= exp
(
−
∑
k>0
1
k
tk − 1
vk + v−k
(
v2 xd
z
)k)
·
(
1− v xd/z
1− t v xd/z + 1
)
= B (xd, z) ·
(
1− v xd/z
1− t v xd/z + 1
)
(7.51)
In the first line, we used the commutator
[w[k], w[n]] =
1
k
(q
k
2 − q− k2 )(t k2 − t− k2 ) 1
vk + v−k
δk,−n , (7.52)
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which is dual to the relation (7.47). In the second line we used the identity exp(−∑k>0 xkk ) =
(1− x). In the third line, we gave a name to the overall exponential factor,
B (xd, z) ≡ exp
(
−
∑
k>0
1
k
tk − 1
vk + v−k
(
v2 xd
z
)k)
. (7.53)
All in all, the normalized Wq,t(A1) correlator comes out to be proportional to the 3d vortex
character, 〈
ψ′
∣∣∣∏Nfd=1 V (xd) QD W (2)(z)∣∣∣ψ〉〈
ψ′
∣∣∣∏Nfd=1 V (xd) QD∣∣∣ψ〉 = B({xd}, z) [χ˜]
(1)
3d (z) . (7.54)
with
B ({xd}, z) ≡
NF∏
d=1
exp
(
−
∑
k>0
1
k
tk − 1
vk + v−k
(
v2 xd
z
)k)
, (7.55)
As explained in the main text, this factor can be naturally canceled out in the Ding-Iohara-
Miki formalism, where it arises as an extra U(1) due to an auxiliary Heisenberg algebra
[16].
The non-perturbative Schwinger-Dyson equation for G3d manifests itself here as a
Ward identity. It is interpreted as a statement about the regularity in the fugacity z of the
correlator
〈
[. . . . . .]W (2)(z)
〉
.
It is straightforward to generalize this discussion to the case of a Wilson loop in a
higher spin representation, by considering a defect group Ĝdefect = U(L). This corresponds
to considering a Wilson loop valued in the representation N⊗ . . .⊗N of SU(N), where
the fundamental representation N is tensored L times with itself. This is a flavor Wilson
loop after Higgsing. The JK-residue prescription dictates that for each ρ ∈ {1, 2, . . . , L},
the contours of the quantum mechanics should enclose a pole at
φI −Mρ − + = 0 . (7.56)
Once again, the partition function can be expressed as a qq-character of Uq(Â1), with
highest weight [L] (the spin L/2 representation). In the q-Liouville picture, one would
simply consider a deformed Wq,t(A1)-algebra correlator with L insertions of the deformed
stress tensor:〈
ψ′
∣∣∣∏Nfd=1 V (xd) QD ∏Lρ=1W (2)(zρ)∣∣∣ψ〉〈
ψ′
∣∣∣∏Nfd=1 V (xd) QD∣∣∣ψ〉 = B({xd}, {zρ}) [χ˜]
(L)
3d ({zρ}) . (7.57)
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——- Defects of the A1 (2, 0) Little String ——-
Let X be a resolved A1 singularity, and consider type IIB string theory on X×C×Cq×Ct,
with C = R× S1(R) an infinite cylinder of radius R, and Cq and Ct two complex lines. We
introduce N D3gauge branes wrapping the compact 2-cycle S of X and Cq. We further
introduce Nf D3flavor branes wrapping the dual non-compact 2-cycle S
∗ and Cq. We also
add to this background L D3defect branes wrapping that same 2-cycle S
∗ and Ct. This
background preserves 4 supercharges. We send the string coupling to gs → 0; the tensions
of the various D3 branes survive in the limit. Then, this amounts to studying the (2, 0) A1
little string on C × Cq × Ct in the presence of various codimension-4 defects. At energies
below the string scale, the dynamics are fully captured by the theory on the D3gauge branes:
the effective theory on the branes is the 3d gauge theory G3d, with gauge group G = U(N),
defined on the manifold Cq ×S1(R̂). Note that this is the T-dual circle to the original circle
S1(R) of the cylinder, meaning R̂ = 1/(m2s R). The D3flavor branes realize the fundamental
matter content GF = U(NF ). From the 3d gauge theory point of view, the L D3defect
branes make up a 1/2-BPS Wilson loop wrapping S1(R̂) and sitting at the origin of Cq. Let
us focus on the case L = 1, which fixes the Wilson loop representation to be the fundamental
one.
The index of the (2, 0) little string in this background localizes to the 3d/1d half-index
(7.33) of the 3d gauge theory:
[χ˜]
(1)
D3g ,D3f ,D3d
(z) =
1
[χ]
(0)
D3g ,D3f
[
NF∏
d=1
1− v xd/z
1− t v xd/z
〈
Y˜3d(z)
〉
+
〈
1
Y˜3d(z v−2)
〉]
. (7.58)
Up to an overall normalization, this also happens to be the q-Liouville correlator (7.54) on
the cylinder, see Figure 10.
Figure 10: Example of a correlator in q-Liouville, along with the corresponding D-branes at
points on the cylinder. The specific correlator pictured here is 〈ψ′|∏2d=1 V (xd) (Q)3 T (z)|ψ〉.
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We break G by freezing the D3gauge moduli, and reorganize the branes to make up a
set of D3’flavor branes exclusively. We turn on the period
∫
S ωI > 0, which is the 3d FI
parameter, and study the vortex solutions on the Higgs branch of G3d. These are D1vortex
branes wrapping the 2-cycle S in the (2, 0) string. The partition function localizes to the
Witten index (7.12) of the quantum mechanics T 1d on the D1vortex branes. Up to an overall
normalization, this is again the same vortex character:
[χ˜]
(1)
D3′f ,D3d,D1v
(z) =
1
[χ]
(0)
D3′f ,D1v
〈Y1d(z)〉+ q˜ N∏
i=1
1− q t−1 fi/z
1− q fi/z
NF∏
j=N+1
1− t fj/z
1− fj/z
〈
1
Y1d(z v−2)
〉 .
(7.59)
——- Seiberg Duality of the Vortex Character ——-
Let us first go back to the index of the quantum mechanics T 1dpure, in the absence of the
Wilson loop, which we rewrite here for convenience:
[χ]
(L)
1d =
∞∑
k=0
eζ3d k
k!
∮
Mpurek
[
dφI
2pii
]
Zpure,vec · Zpure,adj · Zpure,teeth , (7.60)
Zpure,vec =
∏k
I 6=J
I,J=1
sh (φI − φJ)∏k
I,J=1 sh (φI − φJ + 2)
Zpure,adj =
k∏
I,J=1
sh (φI − φJ + 1 + 2)
sh (φI − φJ + 1)
Zpure,teeth =
k∏
I=1
N∏
i=1
sh (φI −mi − − + 2)
sh (φI −mi − −)
Nf−N∏
j=1
sh (−φI +mj − + + 2)
sh (−φI +mj − +) .
Once again, we used the notations + = (1 + 2)/2 and − = (1 − 2)/2. We now study
the Witten index in a chamber with a negative 1d FI parameter, ζ1d < 0. We then apply
the JK-residue prescription in that FI-chamber27. For each vortex charge k, the poles that
end up contributing make up the set Mpurek . The elements of this set satisfy:
φI = φJ + 1 , (7.61)
φI = φJ + 2 , (7.62)
φI = mj + + , j ∈ {N + 1, . . . , NF } . (7.63)
27Just as before, the JK-residue requires us to define an auxiliary vector η of size k, and we once again
choose η = ζ1d to remove contributions from φ-poles at ±∞. We find the choice η = (−1, . . . ,−1) convenient
here.
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The poles (7.61) arise from the adjoint chiral factor Zpure,adj , the poles (7.62) arise from
the vector multiplet factor Zpure,vec, and the poles (7.63) arise from flavor factor Zpure,teeth.
The last set of contours now encloses poles originating from the antifundamental chiral
multiplets, and none of the fundamental chiral multiplets. Furthermore, the residue at the
locus (7.62) is zero. Putting it all together, the various poles which end up contributing
with nonzero residue are of the form:
φI = mj + + + (si − 1)1 , with si ∈ {1, . . . , ki} , i ∈ {N + 1, . . . , NF } . (7.64)
In this notation, (k1, . . . , kN ) is a partition of k into NF −N non-negative integers, and
the pair of integers (i, si) is assigned to one of the integers I ∈ {1, . . . , k} exactly once.
Performing the residue integral, we get the closed-form expression:
[χ]
(0)
1d, ζ1d<0
=
∞∑
k=0
(
−eζ3d
)k ∑
∑
i ki=k
ki≥0
 NF∏
i,j=N+1
ki∏
s=1
sh (mi −mj + 2 − (s− kj − 1) 1)
sh (mi −mj − (s− kj − 1) 1)

×
 NF∏
i=N+1
N∏
j=1
kj∏
p=1
sh (mi −mj + 2 + p 1)
sh (mi −mj + p 1)
 . (7.65)
After flipping the signs of the NF masses {md} → {−md − 2} (the shift by −2 is
inconsequential at this stage, but will matter later) and the sign of the 3d FI parameter
q˜ → −q˜, we recognize the index of a 3d U(NF −N) gauge theory with NF fundamental
flavors. As predicted, changing the sign of the 1d FI parameter in the quantum mechanics
realizes 3d Seiberg duality [39]. For comparison, we rewrite the index of the U(N) gauge
theory with NF fundamental flavors we previously derived in the chamber ζ1d > 0:
[χ]
(0)
1d, ζ1d>0
=
∞∑
k=0
eζ3d k
∑
∑
i ki=k
ki≥0
 N∏
i,j=1
ki∏
s=1
sh (mi −mj + 2 − (s− kj − 1) 1)
sh (mi −mj − (s− kj − 1) 1)

×
 NF∏
i=N+1
N∏
j=1
kj∏
p=1
sh (mi −mj + 2 + p 1)
sh (mi −mj + p 1)
 . (7.66)
Having reviewed the pure case, let us now introduce the Wilson loop. Recall that the
Witten index of the quantum mechanics T 1d now reads:
[χ]
(1)
1d =
∞∑
k=0
eζ3d k
k!
Zdefect,∅
×
∮
Mk
[
dφI
2pii
]
Zpure,vec · Zpure,adj · Zpure,teeth · Zdefect,k , (7.67)
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Zdefect,∅ =
N∏
i=1
sh (mi −M + 2) ,
Zdefect,k =
k∏
I=1
sh (φI −M − −) sh (−φI +M − −)
sh (φI −M − +) sh (−φI +M − +) .
In the FI-chamber ζ1d < 0, we have a new pole at the locus
φI = M − + , for some I ∈ {1, . . . , k} . (7.68)
No other pole depending on M exists, by the same arguments invoked in the case ζ1d > 0.
For each vortex charge k, the set of polesMk is therefore the setMpurek , augmented by the
pole (7.68). The (renormalized) codimension-2 Y -operator is defined as before, avoiding
this new pole:
〈
[Y1d(M)]
±1
〉
≡
∞∑
k=0
eζ3d k
k!
∮
Mpurek
[
dφI
2pii
]
Zpure,vec · Zpure,adj · Zpure,teeth · [Zdefect,k(M)]±1 .
We renormalize the index by the classical Wilson loop contribution and the index of the
vortex quantum mechanics T 1dpure in the absence of Wilson loop:
[χ˜]
(1)
1d, ζ1d<0
(z) ≡ [χ]
(1)
1d (z)
Zdefect,∅(z) · [χ](0)1d, ζ1d<0
, (7.69)
and derive at once the vortex character in the FI-chamber ζ1d < 0, written in K-theoretic
notation as:
[χ˜]
(1)
1d, ζ1d<0
(z) =
1
[χ]
(0)
1d, ζ1d<0
〈Y1d(z)〉 − q˜ N∏
i=1
1− fi/z
1− t fi/z
NF∏
j=N+1
1− t2 q−1fj/z
1− t q−1fj/z
〈
1
Y1d(z v2)
〉 .
(7.70)
If we flip the sign of the NF masses {md} → {−md − 2} (or {fd} → {t−1 f−1d } in the new
variables), flip the defect fermion mass as M → −M (or z → z−1 in the new variables), and
flip the 3d FI parameter as q˜→ −q˜, we recognize the vortex character of a 3d U(NF −N)
gauge theory with NF fundamental flavors. Note the nontrivial rescaling of the NF flavor
masses by t−1.
For comparison, we also rewrite the vortex character of the 3d U(N) gauge theory with
NF fundamental flavors (7.12):
[χ˜]
(1)
1d, ζ1d>0
(z) =
1
[χ]
(0)
1d, ζ1d>0
〈Y1d(z)〉+ q˜ N∏
i=1
1− q t−1 fi/z
1− q fi/z
NF∏
j=N+1
1− t fj/z
1− fj/z
〈
1
Y1d(z v−2)
〉 .
(7.71)
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As a last remark, note that the index [χ]
(0)
1d, ζ1d>0
(7.66) in the positive FI chamber is
not equal to the index [χ]
(0)
1d, ζ1d<0
(7.65) in the negative FI chamber. This is because new
states appear and contribute to the index at ζ1d = 0, due to the opening of the Coulomb
branch there. The vortex mechanics T 1dpure experiences wall-crossing, and the BPS index of
the extra states can be computed explicitly by identifying the residues at asymptotic infinity,
enclosing the φ-poles of the integrand (7.60) at ±∞. A quick computation shows that such
residues can be summed up exactly to give the contribution of 2N −NF decoupled twisted
hypermultiplets, which do exist on the Coulomb branch of G3d [39, 47, 110, 111, 118].
Explicitly, the wall-crossing contribution can be written as a plethistic exponential:
PE
[
sh(2+) sh((2N −NF )2)
sh(1) sh(2)
q˜
]
(7.72)
Note that such a contribution vanishes when NF = 2N , in which case the indices agree:
[χ]
(0)
1d, ζ1d<0
= [χ]
(0)
1d, ζ1d>0
.
We can carry out the same computation for the index [χ]
(1)
1d in the presence of the
Wilson loop (7.67), to find that the extra contributions due to φ-poles at ±∞ are the
same as above: there are 2N − NF extra decoupled twisted hypermultiplets, resulting
in a decoupled factor (7.72). Because the vortex character observable is the index [χ]
(1)
1d
normalized by the pure index [χ]
(0)
1d , the twisted hypermultiplets contributions cancel out at
any rate in our context.
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A Some Examples of Vortex Characters
We write some explicit expressions for the vortex qq-character observables of some 3d gauge
theories, in the 3d/1d half-index formalism. It is straightforward to write the observables
in the quantum mechanics or q-Toda variables instead, if one wishes. All characters should
be normalized by the pure index [χ]
(0,...,0)
3d , which we omitted here not to overburden the
expressions.
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Figure 11: The Tρ[SU(N
(n+1))] theory, with a Wilson loop defect producing the first
fundamental vortex character (top), and a loop defect producing the n-th fundamental
vortex character (bottom).
For the Tρ[SU(N
(n+1))] theory on top of Figure 11, we compute:
[χ˜]
(1,0,...,0)
3d (z) =
N(n+1)∏
d=1
1− vn xd/z
1− t vn xd/z
〈
Y˜
(1)
3d (z)
〉
+ q˜(1)
N(n+1)∏
d=1
1− vn xd/z
1− t vn xd/z
〈
Y˜
(2)
3d (z v
−1)
Y˜
(1)
3d (z v
−2)
〉
+ q˜(1)q˜(2)
N(n+1)∏
d=1
1− vn xd/z
1− t vn xd/z
〈
Y˜
(3)
3d (z v
−2)
Y˜
(2)
3d (z v
−3)
〉
+ . . .
+
n∏
a=1
q˜(n)
〈
1
Y˜
(n)
3d (z v
−n−1)
〉
. (A.1)
For the Tρ[SU(N
(n+1))] theory on the bottom of Figure 11, we compute:
[χ˜]
(0,...,0,1)
3d (z) =
N(n+1)∏
d=1
1− v xd/z
1− t v xd/z
〈
Y˜
(n)
3d (z)
〉
+ q˜(n)
〈
Y˜
(n−1)
3d (z v
−1)
Y˜
(n)
3d (z v
−2)
〉
+ q˜(n)q˜(n−1)
〈
Y˜
(n−2)
3d (z v
−2)
Y˜
(n−1)
3d (z v
−3)
〉
+ . . .
+
n∏
a=1
q˜(n)
〈
1
Y˜
(1)
3d (z v
−n−1)
〉
. (A.2)
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Figure 12: A D4 theory with fundamental matter on node 3, with a Wilson loop defect
producing the first fundamental vortex character.
For the D4 theory in Figure 12, we compute:
[χ˜]
(1,0,0,0)
3d (z) =
N
(3)
F∏
d=1
1− v3 xd/z
1− t v3 xd/z
〈
Y˜
(1)
3d (z)
〉
+ q˜(1)
N
(3)
F∏
d=1
1− v3 xd/z
1− t v3 xd/z
〈
Y˜
(2)
3d (z v
−1)
Y˜
(1)
3d (z v
−2)
〉
+ q˜(1)q˜(2)
N
(3)
F∏
d=1
1− v3 xd/z
1− t v3 xd/z
〈
Y˜
(3)
3d (z v
−2) Y˜ (4)3d (z v
−2)
Y˜
(2)
3d (z v
−3)
〉
+ q˜(1)q˜(2)q˜(3)
〈
Y˜
(4)
3d (z v
−2)
Y˜
(3)
3d (z v
−4)
〉
+ q˜(1)q˜(2)q˜(4)
N
(3)
F∏
d=1
1− v3 xd/z
1− t v3 xd/z
〈
Y˜
(3)
3d (z v
−2)
Y˜
(4)
3d (z v
−4)
〉
+ q˜(1)q˜(2)q˜(3)q˜(4)
〈
Y˜
(2)
3d (z v
−3)
Y˜
(3)
3d (z v
−4) Y˜ (4)3d (z v−4)
〉
+ q˜(1)
[
q˜(2)
]2
q˜(3)q˜(4)
〈
Y˜
(1)
3d (z v
−4)
Y˜
(2)
3d (z v
−5)
〉
+
[
q˜(1)
]2 [
q˜(2)
]2
q˜(3)q˜(4)
〈
1
Y˜
(1)
3d (z v
−6)
〉
. (A.3)
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